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ABSTRACT. We exhibit a closed hyperbolic 3-manifold which satisfies a very 
strong form of Thurston's Virtual Fibration Conjecture. In particular, this man- 
ifold has finite covers which fiber over the circle in arbitrarily many ways. 
More precisely it has a tower of finite covers where the number of fibered 
faces of the Thurston norm ball goes to infinity, in fact faster than any power 
of the logarithm of the degree of the cover, and we give a more precise quanti- 
tative lower bound. The example manifold M is arithmetic, and the proof uses 
detailed number-theoretic information, at the level of the Hecke eigenvalues, 
to drive a geometric argument based on Fried's dynamical characterization of 
the fibered faces. The origin of the basic fibration M — > S 1 is the modular 
elliptic curve £ = Xo(49), which admits multiplication by the ring of inte- 
gers of Q[y/—7]. We first base change the holomorphic differential on E to a 
cusp form on GL(2) over K = Q[\/— 3], and then transfer over to a quaternion 
algebra D/K ramified only at the primes above 7; the fundamental group of 
M is a quotient of the principal congruence subgroup of 6^ of level 7. To 
analyze the topological properties of M, we use a new practical method for 
computing the Thurston norm, which is of independent interest. We also give 
a non-compact finite-volume hyperbolic 3-manifold with the same properties 
by using a direct topological argument. 



CONTENTS 



1. Introduction 

2. Fibered faces of the Thurston norm ball 

3. The geometric theorem 

4. The base manifold M 

5. The automorphic structure of the cohomology of M 

6. The Thurston norm and fibered faces of M 

7. Proof of the main result 

8. The Whitehead link complement 

9. Work of Long and Reid 
References 



2 
7 
J9 
16 
17 
26 
32 
35 
39 
39 



Both authors were partially supported by the NSF, and Dunfield was partially supported by 
the Sloan Foundation. Version 1.106; Last commit 2008/12/16 19:50:35; Compile 2008/12/16. 



2 



DUNFIELD AND RAMAKRISHNAN 



1. Introduction 

The most mysterious variant of the circle of questions surrounding Wald- 
hausen's Virtual Haken Conjecture [WallR is: 

1.1. Virtual Fibration Conjecture (Thurston). If M is a finite-volume hyperbolic 
3-manifold, then M has a finite cover which fibers over the circle, i.e. is a surface bundle 
over the circle. 

This is a very natural question, equivalent to asking whether 7i\ (M) contains 
a geometrically infinite surface group. However, compared to the other forms 
of the Virtual Haken Conjecture, there are relatively few non-trivial examples 
where it is known to hold, especially in the case of closed manifolds (but see 



IIReii ILeii IWal2[ IButl and especially [ AgolJ ). Moreover, there are indications 



that fibering over the circle is, in suitable senses, a rare property compared, for 
example, to simply having non-trivial first cohomology IIDTllMasTI . 

Despite this, we show here that certain manifolds satisfy Conjecture ll.ll in a 
very strong way, in that they have finite covers which fiber over the circle in 
many distinct ways. For a 3-manifold M, the set of classes in H 1 (M; Z) which 
can be represented by fibrations over the circle are organized by the Thurston 
norm on H 1 (M; R) . The unit ball in this norm is a finite polytope where certain 
top-dimensional faces, called the fibered faces, correspond to those cohomol- 
ogy classes coming from fibrations (see Section |2] for details). The number of 
fibered faces thus measures the number of fundamentally different ways that 
M can fiber over the circle. We will sometimes abusively refer to these faces of 
the Thurston norm ball as "the fibered faces of M". 

If N — > M is a finite covering map, the induced map H 1 (M; R) — > H 1 (N; R) 
takes each fibered face of M to one in N; if H 1 (N;R) is strictly larger than 
fi 1 (M;R), then it may (but need not) have additional fibered faces. The quali- 
tative form of our main result is: 

1.2. Theorem. There exists a closed hyperbolic 3-manifold M which has a sequence of 
finite covers M n so that the number of fibered faces of the Thurston norm ball of M n 
goes to infinity. 



Moreover, we prove a quantitative refinement of this result (Theorem II A} 
which bounds from below the number of fibered faces of M n in terms of the 
degree of the cover. While it is the closed case of Conjecture 11.11 that is most 
interesting, we also give an example of a non-compact finite-volume hyperbolic 
3-manifold with the same property (Theorem |8.3|) using a simple topological 
argument. 

The example manifold M of Theorem 11.21 is arithmetic, and the proof uses 
detailed number-theoretic information about it, at the level of the Hecke eigen- 
values, to drive a geometric argument based on Fried's dynamical charac- 
terization of the fibered faces. To state the geometric part of the theorem, 
we need to introduce the Hecke operators (see Section 13.11 for details). Sup- 
pose M is a closed hyperbolic 3-manifold, and we have a pair of finite cov- 
ering maps p, q : N — ► M; when M is arithmetic there are many such pairs 
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of covering maps because the commensurator of n\(M) in Isom(^ 3 ) is very 
large. The associated Hecke operator is the endomorphism of H 1 (M) defined by 
T Pr q = q* o p* f where q* : H : (N) — ► H 1 (M) is the transfer map. The simplest 
form of our main geometric lemma is the following: 

1.3. Lemma. Let Mbe a closed hyperbolic 3-manifold, and p,q: N — > M a pair of 
finite covering maps. IfTpJai) = for some oo G H 1 (M;Z) coming from a fibration 
over the circle, then p*(co) and q*(co) lie in distinct fibered faces. 

We prove this lemma in Section|3l Then in SectionHl we give a manifold with 
an infinite tower of covers to which Lemma |L3l applies at each step, thus prov- 
ing Theorem II .21 In fact, we show the following refined quantitative version: 

1.4. Theorem. There is a closed hyperbolic 3-manifold M of arithmetic type, with an 
infinite family of finite covers {M n } of degree d n , where the number v n of fibered faces 
ofM n satisfies 

. ( n ~ logd n \ 

v n > exp 0.3- — — dyi ^ oo. 

V iogiogrf M y 

In particular, for any t < 1, there is a constant ct > such that 

Vn > cte^^. 

Note that this bound for v n is slower than any positive power of d n , but 
is faster than any (positive) power of logd M . For context, the Betti number 
b\{M n ) = dimH 1 (M„;R) is bounded above by (a constant times) the degree 
d n , and bounded below (see Proposition |7.8[) , for any e > 0, by (a constant 
times) d n /2 ~ £ for n large enough (relative to e), while v n is at least as large as 
(a constant times) g( lo S d ") . In our non-compact example of Theorem 18.31 the 
number of faces grows exponentially in the degree while b\ grows linearly. 

We now describe the basic ideas behind the construction of the manifolds 
in Theorem II .4[ For an arithmetic hyperbolic 3-manifold M, one has a Hecke 
operator as above associated to each prime ideal of the field of definition. The 
key to applying Lemma 11.31 repeatedly is to have a fibered class oo G H 1 (M) 
which is killed by infinitely many such Hecke operators. One can produce co- 
homology classes which are killed by infinitely many Hecke operators using 
the special class of CM forms. Fortunately, there is a manifold of manageable 
size whose cohomology contains a CM form coming from base change of an 
automorphic form associated to a certain elliptic curve with complex multipli- 
cation, and that class turns out to fiber over the circle! 

1.5. Outline of the arithmetic construction. Here is a sketch of how the man- 
ifolds {Mn} of Theorem II .41 are built from arithmetic; for details, see Section HJ 
Let E be the elliptic curve over Q defined by y 2 + xy = x 3 — x 2 — 2x — 1, which 
has conductor 49 and admits complex multiplication by the ring of integers 
of the imaginary quadratic field Q[\/— 7]. It corresponds to a holomorphic 
cusp form of weight 2 for the congruence subgroup To (49) of SL(2,Z) act- 
ing on the upper half plane Jff, given by f(z) = Yln>i a n^ n with q = e 2mz , 
where for every prime p / 7, the eigenvalue of / under the Hecke operator 
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Tp is a j, = p + 1 — |E(Fp) |. The differential f(z)dz is invariant under To (49), 
and hence defines a holomorphic 1-form on Yq(49) := To(49)\Jif, and by the 
cuspidality of /, this differential extends to the natural (cusp) compactifica- 
tion of Yo(49). Put K = Q[ v /3 3], in which the prime 7 splits as QQ, with 

Q = ^2 + (l + iy/3) /l^j . Let denote the base change of / to K, which is a 

cusp form on the hyperbolic 3-space J^ 3 of "weight 2" and level Q 2 Q 2 for the 
group GL(2, One can associate to /x a cuspidal automorphic representa- 
tion n' of GL(2, Aj() with trivial central character and conductor Q 2 Q 2 ; here 
A K denotes the adele ring of K. By a basic property of base change, we have, 
for every degree 1 prime P of 0% above a rational prime p ^ 7 unramified in 

the P th Hecke eigenvalue «p(/k) of equals the p th Hecke eigenvalue of /, 
namely a p = p + 1 — |E(F p ) | . 

Let D be the quaternion division algebra over K which is ramified exactly 
at the primes Q and Q. Fortunately for us, the local components of n' at Q 
and Q are both supercuspidal (see Lemma 5.3); this has to do with the fact 
that E does not acquire good reduction over an abelian extension of Q7, this 
fact being controlled, thanks to a useful criterion of D. Rohrlich URohl , by the 
valuation (at Q and Q) of the discriminant A of E. (After writing this paper, 
we learned of an earlier proof of the supercuspidality at 7 in liGLB , where the 
argument is somewhat different.) Therefore, by the Jacquet-Langlands corre- 
spondence, there is an associated cusp form h of weight 2 on Jt? 3 relative to 
a congruence subgroup T of the units in a maximal order &d, such that for 
every unramified prime P ^ Q,Q, the P th Hecke eigenvalues of fa and of h 
coincide. Moreover, for P G {Q,Q}, we can read off the conductor and the 
dimension of the associated representation of (D ®x Kp)* from the local cor- 
respondence (see Lemma 5.5). It follows that T, which is co-compact, is the 
principal congruence subgroup of level 7 = QQ. Our base manifold in The- 
orem Ol is M = X(7) = T\jf 3 . While H l (M) is 3-dimensional, we show 
that the new subspace of H 1 (M) is 2-dimensional and, as a module under the 
Hecke algebra of correspondences, is isotypic of type t] — rj^, the cohomology 
class defined by h. A difficult computation shows that M fibers over the circle, 
and moreover, this can be associated with a class of type t]. 

Now consider the set & of rational primes p 7^ 7 which are inert in Q[\f—7], 
but are split in K as PP; it has density 1/4. Then, if we put 

the Hecke operators Tp act by zero on r\. Each P in gives a covering 
M(P) of M of degree ^(P) + 1 which defines the associated Hecke opera- 
tor. Lemma 11.31 allows us, since Tptj = 0, to conclude that the two natural 
transforms rj\, tjp of tj define cohomology classes of M(P) which lie on two dif- 
ferent fibered faces. If we order according to the rational primes p defin- 
ing them, then we inductively build a covering M n = M{P\ . . . P n ) of degree 
d n := r[yLi(l + Vj) sucn that there are at least 2" distinct fibered faces on M n . 
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Using the density of 8? , we get the lower bound for v n > 2 n given in Theo- 
rem [L4] in terms of d n . 

To understand why we chose to look at this particular example, it may be 
helpful to note the following. Suppose Dq is an indefinite quaternion algebra 
over Q, and A a congruence subgroup of Dq with associated Shimura curve S = 
Sa over C, which is a compact Riemann surface. For any imaginary quadratic 
field K such that D = Do <£>q K is still a division algebra, we may consider the 
hyperbolic 3-manifold M = T\J^, for a congruence subgroup T of D*. When 
T n Dq = A, the surface S embeds in M, and since it is totally geodesic, the 
cohomology class defined by S cannot give rise to any fibering of M over the 
circle HThu2ll . This suggests that we will fail to construct cohomology classes 
on M with the desired fibering property if we transfer to D* a cusp form on 
GL(2)/K which is the base change /x of an elliptic modular cusp form / of 
weight 2 which will transfer to such a Dq. It is not an accident that we chose 
our example above where the / of interest does not transfer to any indefinite 
quaternion algebra over Q. 

Finally, it should be noted that if one starts with a non-CM elliptic curve E 
over Q, then one knows, by a theorem of Elkies, that there are infinitely many 
primes p for which a v is zero [ElkJ. But for our method to work we would also 
need an example where this property holds for an infinite set 8? of primes p 
which split in a suitable imaginary quadratic field K. Even then it would only 
give a qualitative result as would have density zero. Our quantitative result 
(Theorem |1.4|) depends on the density of the corresponding & in the CM case 
being 1/4. 

1.6. Moral. For an arithmetic hyperbolic 3-manifold, the commensurator of its 
fundamental group is very large, in fact dense in Isom + (Jf ?3 ) = PSL(2, C). 
Recently, there has been much important work which exploits this density geo- 
metrically, see |LLR[ ICLR21 I Vent | Ago2[ . On the number-theoretic side, the the- 



ory of automorphic forms tells us a great deal about the cohomology of arith- 
metic hyperbolic 3-manifolds as it relates to virtual Haken type questions (see 
e.g. HClol ICDI ). To the best of our knowledge, our work here is the first time 
that more refined automorphic information has been combined with geometric 
arguments and yields, for example, a geometric /topological interpretation of 
the vanishing of the Hecke eigenvalues. Thus we hope for deeper connections 
between these two areas in the future. In particular, it would be very interest- 
ing to answer the following: 

1.7. Question. Is there an automorphic criterion which implies that certain cohomol- 
ogy classes of arithmetic hyperbolic 3-manifold give fibrations over the circle? 

1.8. Practical methods for computing the Thurston norm. The example man- 
ifold of Theorem II .41 is quite complicated from a topological point of view; its 
hyperbolic volume is about 100 and triangulations of it need some 130 tetrahe- 
dra. Despite this, we were able to compute its Thurston norm and check that 
it fibers over the circle, which is necessary for the proof of Theorem 11.41 To do 
this, we used new methods for both these tasks. While loosely based on normal 
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surfaces, these techniques eschew guaranteed termination in favor of quick re- 
sults. The basic idea is to consider only normal surfaces representing elements 
of H 1 (M) that are "obvious" with respect to the triangulation, and then ran- 
domize the triangulation until a minimal norm surface is found. These same 
techniques have been useful in many other examples and are of independent 
interest. See Sections 16.71 and 16.111 for a complete description of our method, 
which can often determine whether a manifold made up of several hundred 
tetrahedra fibers. Computing the Thurston norm is more subtle, and in the 
case of our particular M, we had to heavily exploit its symmetries, but we also 
suggest a general method, as of yet untested, for attacking this. 

1.9. Improvements. In subsequent work, Long and Reid have considerably 
strengthened Lemma [1.31 and its extension Theorem 13. 121 by showing that the 
hypothesis on the Hecke operators can be dispensed with: 

1.10. Theorem (Long and Reid |LR[). Let M be a closed arithmetic hyperbolic 3- 
manifold. If M fibers over the circle, then M has finite covers whose Thurston norm 
balls have arbitrarily many fibered faces. 

In addition to the work of Fried ||Fri] on which Lemma |L3l hinges, the proof 
of Theorem 11.101 uses work of Cooper, Long, and Reid on suspension pseudo- 



Anosov flows HCLRH , as strengthened by Masters [Mas2J. In Section|9]we give 
a simplified proof of Theorem ll.lOl using only Fried's theorem; a different, but 
equally concise, simplification was given by Agol [ AgolJ . In any case, the soft 



nature of its proof mean that Theorem II . lOl cannot be used to prove quantitative 
results such as Theorem II .41 However, Theorem II .101 does have the advantage 
that it is much easier to apply. 

In a major breakthrough, Agol has just shown there are infinitely many com- 
mensurability classes of arithmetic hyperbolic 3-manifolds which fiber over the 
circle [AgolJ. Combining with Theorem ll.101 this means the qualitative behav- 



ior of Theorem 1 1 .2 1 actually occurs in an infinite number of examples, providing 
further evidence for Conjecture ll.il 

In Theorems 11.41 and 11.101 the distinct fibered faces are all equivalent un- 
der the isometry group of the cover manifolds; indeed this is intrinsic to the 
method. A natural question is whether one can find a tower of covers where 
the fibered faces fall into arbitrarily many classes modulo isometries. In the 
case of manifolds with cusps, Theorem 18.31 gives such examples since the num- 
ber of faces grows exponentially in the degree of the cover, whereas the size of 
the isometry group of a hyperbolic manifold is bounded linearly in the volume. 

1.11. Paper outline. In Section [2} we review the basics of the Thurston norm 
and Fried's dynamical characterization of the fibered faces. In Section [3j we 
discuss Hecke operators and congruence covers in the context of arithmetic 
hyperbolic 3-manifolds, and then prove Lemma |L3l and its generalization The- 
orem [3T2] which underpins Theorem II .41 We give the precise description of the 
manifold used in Theorem II .41 in Section HI We then analyze the automorphic 
and topological properties of this manifold in Sections |5] and |6] respectively. In 
Section |7] we assemble the pieces and prove Theorem 11.41 Section [8] gives our 
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example of this phenomenon in the case of hyperbolic 3-manifolds with cusps. 
Finally, Section [9] gives our simplified proof of Theorem ll.lOl 

1.12. Acknowledgments. Dunfield was partially supported by a Sloan Fel- 
lowship and US NSF grants DMS-0405491 and DMS-0707136, and some of this 
work was done while he was at Caltech. Ramakrishnan was partially sup- 
ported by US NSF grants DMS-0402044 and DMS-0701089. We thank Philippe 
Michel for a useful discussion concerning the quantitative version of our main 
result (Theorem ll.4|) , and Danny Calegari for suggesting that we look at fam- 
ilies of link complements in the cusped case, which led us to Theorem 18.31 
We also thank Darren Long and Alan Reid for sending us an early version of 
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2. FIBERED FACES OF THE THURSTON NORM BALL 

Let M be a closed orientable hyperbolic 3-manifold. When a cohomology 
class to e H 1 (M;Z) = Hom(7T 1 (M) / Z) can be represented by a fibration 
M — > S , we say that it fibers. In this section, we review the work of Thurston 
and Fried on the structure of the set of fibered classes in H 1 (M;Z). It is not 
hard to see that to £ H 1 (M; Z) fibers if and only if it can be represented by 
a nowhere vanishing 1-form: a fibration gives rise to such a form by pulling 
back the standard orientation 1-form on S 1 , and conversely such a form can be 
integrated (since its periods are integers) into a map to S 1 which is a fibration. 
If we pass to real coefficients, the latter condition clearly defines an open sub- 
set U of H 1 (M;1R) \ {0}; a fundamental result of Thurston shows that U must 
have the following very restricted form. This set is prescribed by the Thurston 
norm, which measures the simplest surface that represents the Poincare dual 
of a cohomology class. 

More precisely, for to G H 1 (M; Z) define its Thurston norm by 

||o;|| = min {— | £ is an embedded orientable surface dual to to}, 

where x(^) is the Euler characteristic of E, and we further require that L has no 
2-sphere components. Thurston showed that this gives a norm on H 1 (M; Z) 
which extends continuously to one on H 1 (M; R); see llThuTl for details of the 



assertions made in this paragraph. Moreover, the unit ball B of this norm 
is a bounded convex polytope, i.e. the convex hull of finitely many points. 
Moreover, there are top-dimensional faces of B, called the fibered faces, so that 
to G H 1 (M;Z) fibers if and only if it lies in the cone over the interior of a 
fibered face, that is, the ray from the origin through to intersects the interior of 
such a face. We will say that such a fibered to lies in the corresponding fibered 
face. Finally, as the map to ^ —to preserves fibering, the fibered faces come 
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in pairs interchanged by this symmetry of the Thurston norm ball. When de- 
termining the number of fibered faces, we often count in terms of these fibered 
face pairs, and say that fibered classes a and B lie in genuinely distinct fibered 
faces if both a and —a are not in the fibered face of 6. 

2.1. Behavior of fibered faces under covers. Now suppose p: N — > M is a fi- 
nite covering map. The natural map p* : H 1 (M;R) — > H 1 (N;R) is an embed- 
ding, and a deep theorem of Gabai shows that p* preserves the Thurston norm 



UGabll Cor. 6.18]. Equivalently, if we denote the unit Thurston norm balls of 
M and N by B M and B N respectively, we have p* (B M ) = B N (lp* (H 1 (M; R)) . 
By work of Stallings, a class co G H 1 (M; Z) represents a fibration if and only if 



p* (co) does UStall . In particular, if N fibers but M does not, then H 1 (N) is larger 



than H l (M). Thus each fibered face of Bm gives rise to a distinct fibered face 
of Bn; if N has additional cohomology, we can hope that has new fibered 
faces, but the interiors of these must be disjoint from p* (H 1 (M)) . 

2.2. Fried's work. We now turn to Fried's dynamical characterization of when 
two fibrations lie in the same fibered face, which is in terms of a certain flow 
that is transverse to the fibers of the fibration M — > S 1 . Suppose <p is a self- 
homeomorphism of a closed surface E of genus at least 2, and consider the 
mapping torus with monodromy (p: 

M <P = ZK[0fl] /(s, l)~(*(s),0) 

Thurston proved that is hyperbolic if and only if ^ is what is called pseudo- 
Anosov IIThu2llOtal . The latter means that (p is isotopic to a homeomorphism 



which preserves a pair of foliations of E in a controlled way. Henceforth, we 
always assume that cp has been isotoped to such a preferred representative. 
Now, M<p has a natural suspension flow which is transverse to the circle 
fibers, where a point moves at unit speed in the [0, 1] -direction. We will call 
J^(h the transverse pseudo-Anosov flow. 

Conversely, given co G H 1 (M; Z) coming from a fibration, the monodromy 
tp of the bundle structure is well-defined up to isotopy. Thus there is a cor- 
responding transverse pseudo-Anosov flow which is well-defined up to 
isotopy. Fried's first result is: 

2.3. Theorem (Fried IIFril ). Let Mbea closed orientable hyperbolic 3-manifold. Then 
two fibrations of M over the circle lie over the same fibered face if and only if the 
corresponding transverse pseudo-Anosov flows are isotopic. 

Fried also provided the following characterization of those co lying over a 
fibered face. Let & be the flow associated to a particular fibered face F, and 
let D C Hi (M; R) be the set of homology directions of & , namely the set of all 
accumulation points of the homology classes of long, nearly closed orbits of & ' . 
Fried showed that the dual cone to D, 

C = jo; G H : (M;R) | co(v) > for all v G d}, 

is precisely the cone on the interior of the fibered face F [Fri, Thm. 7]. 
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One kind of element of D is the homology class of a closed flowline of & ' . 
There are always closed flowlines, for instance coming from the orbits of the 
finitely many singular points of the invariant foliations, which are permuted 
among themselves by the monodromy The particular consequence of Fried's 
work that we will use here, which is immediate from our discussion, is: 

2.4. Lemma (Fried). Let Mbea closed orientable hyperbolic 3-manifold, zvithfibered 
classes a, f> € H 1 (M; Z). Let cbea closed orbit of the transverse pseudo-Anosov flow 
for a. If /3(c) = 0, then a and (5 lie over genuinely distinct fiber ed faces. 

3. The geometric theorem 

We begin this section by proving Lemma 11.31 which contains the key geo- 
metric idea of this paper: a fibered cohomology class which is annihilated by 
a Hecke operator gives rise to two genuinely distinct fibered faces in the corre- 
sponding cover. We then give a detailed review of Hecke operators for arith- 
metic hyperbolic 3-manifolds, and end by proving the complete version of our 
geometric result (Theorem |3.12[) which is needed to prove Theorem II .41 



3.1. Hecke operators. From a geometric point of view, a Hecke operator is 
the map on cohomology induced from the following setup. Suppose M is a 
topological space, and we have a pair oi finite covering maps p : q: N — ► M. 
The map on singular chains C*(M) — ► C*(N) which takes a singular sim- 
plex to the sum of its inverse images under q induces transfer homomorphisms 
H*(M) —> H*(N) and H*(N) —> H*(M) which run in opposite directions to 
the usual maps that q induces on (co)homology (see e.g. [Hat, §3.G] for details). 
The Hecke operator T« „ of this pair of covering maps is the endomorphism of 
H*(M) defined by q % o p*, where p* : H*(M) — ► H*(N) the pullback map and 
q % : H*(N) — > H*(M) is the transfer map. 

3.2. Remark. In this paper, M will always be a 3-manifold and we will be in- 
terested in the Hecke operator on H 1 (M). While the argument below is given 
purely in terms of cohomology, the geometrically minded reader may prefer to 
contemplate the Poincare dual group H2(M). There, the Hecke operator T pcj 
on H*(M) is the composite q* o p* , where p* is the transfer map. Such Hecke 
operators commute with the Poincare duality isomorphism H 1 (M) = ^(M), 
and so it makes no difference whether one takes the homological or cohomo- 
logical point of view. The action of Tpa on a class co G H2(M) is particularly 
simple to think of geometrically: If an embedded surface ZcM represents co, 
then the immersed surface q{p~ 1 {T)) represents TpJ(v). 

3.3. Main geometric idea. When M is arithmetic, there are many manifolds N 
which cover it in distinct ways. Before getting into this, let us give the central 
topological idea of Theorem II .21 in its simplest form from the introduction: 

11.31 Lemma. Let Mbe a closed hyperbolic 3-manifold, and suppose co G H 1 (M; Z) 
comes from afibration of M over the circle. Further assume that p,q: N — > M are a 
pair of finite covering maps. IfTpn(co) = then p*(co) and q*(co) lie in genuinely 
dis tinct fibered faces . 
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Proof. We will apply Lemma l2~4l to justify our claim. Downstairs in M, let c be 
a closed orbit of the pseudo-Anosov flow associated to the fibration to. Then 
q~ l (c) is a closed orbit of the flow associated to the fibration q* (to). To calculate 

p*(a;)(g _1 (c)), note that for any a <E H l (N) one has ct(q*(c)) = (q*(oc)) (c) and 
hence 

p» (q-\cj) = p» (q*(c)) = q* (p») (c) = T M {to){c) = 
as required to apply the lemma. □ 

In the case of a tower of covers of M, the following strengthening of the 
previous lemma will be needed to work inductively: 

3.4. Lemma. Let Mbea closed hyperbolic 3-manifold, and p,q: N — > Mbe a pair of 
finite covering maps. Suppose <x>\, ooi, ■ ■ ■ ,to n G H 1 (M; Z) lie in genuinely distinct 
fibered faces. IfT p q(tOi) = for all i, then N has at least 2n pairs of fibered faces. 
More precisely, {p*(tOi), . . . , p*(to n ) / q*(tOi), . . . ,q*(to n )} lie in genuinely distinct 
fibered faces. 

Proof. By the discussion in Section IZTl it is clear that the p*(tOi) lie in distinct 
fibered faces, as do the q* (to A. Thus it remains to distinguish the face of p* (tOj) 
from that of q*(tOj). As before, let c be a closed orbit of the pseudo-Anosov 
flow associated to tOj, so that q~ l (c) is an orbit of the flow associated to q*(tOj). 
Then 

p>i) (V V)) = P>i) (q*(c)) = q* (f(to t )) (c) = T M ((Oi)(c) = 
and so Lemma IZ4l applies as needed. □ 

3.5. Sources of Hecke operators. Now we turn to the source of such multiple 
covering maps. For a hyperbolic 3-manifold M, let T be its fundamental group, 
thought of as a lattice in PSL(2, C). The commensurator of T is the subgroup 

Comm(r) = {g e PSL(2,C) | g^Tg n T is finite index in both T and g^Tg}. 

When M is arithmetic, Comm(T) is dense in PSL(2, C), and Margulis showed 
that the converse is true as well; indeed, if M is not arithmetic, then T has finite 
index in Comm(r). 

Regardless, g G Comm(r) can be associated to a Hecke operator as follows. 
Let Tg = g~ l Tg n T, and M g = T g \j$? 3 be the corresponding closed hyperbolic 
3-manifold. Consider the finite covering map p g : M g — ► M induced by the 
inclusion T g — ► T. We will define a second such covering map by considering 

r„-i = gTg' 1 n T, and analogously p„-\ : M g -i — > M. Now, as gTgg' 1 = T g -i, 
the action of g on J^ 3 induces an isometry Tg : M g — > M„-i giving us the 
picture 



M g ^ M g -r 
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Combining, we get a covering map q g : M g — > M by taking q g = p -\ o Tg. On 
the level of groups, the covering map q g corresponds to the homomorphism 
T g — > r given by 7 1— > gjg^ 1 - By definition, the Hecke operator associated to g 
is Tp g/Cjg in the notation of Section 1370 

3.6. Standard congruence covers. In number theory, one usually restricts to a 
subset of all the Hecke operators described above which have nice collective 
properties. For those readers who are unfamiliar with this, and to explain how 
it interacts with Lemma 13 .41 we give a detailed review of the basic setup in 
Sections I3.6143.10l This material is standard, and those with a background in 
number theory may wish to skip ahead to Section 15.1 11 

To describe these, we first review the general arithmetic construction of a 
lattice in Isom + (^ 3 ); for details see e.g. [ 
K with exactly one complex place, and choose a quaternion algebra D over 
K which is ramified at all real places of K. Now at the complex place of K, 
the algebra D ®k C must be isomorphic to A^C), the algebra of 2 x 2 matri- 
ces. Taking the units gives a homomorphism D* GL(2, C); dividing out 
by the respective centers embeds D* /K* as a dense subgroup of PGL(2,C) = 
PSL(2, C) = Isom + (^ 3 ). Now if Go is a maximal order of D, then the image 
T of the units G D in PGL(2, C) is a lattice, which is cocompact provided D is 
a division algebra rather than M2(K). We will denote the quotient hyperbolic 
3-orbifold as X = T\JT 3 . 

For each ideal A of Gk, we can define a corresponding congruence orbifold 
X(A) covering X as follows. Since we will only need that case, we restrict 
to when A is square-free. The key case is that of a prime ideal P. Let Kp be 
the local completion of K at the place P; its valuation ring is denoted Gp with 
maximal ideal & and residue field F = Gp/ & . The cover X(P) is constructed 
using the local algebra Dp = D <S>k Kp. 

First, suppose D does not ramify at P, i.e. Dp = M.2(Kp). The cover X(P) is 
the congruence cover of 'To-type" built as follows. The order Gjj p := Gjj ®e K 
Gp is maximal in Dp, and so is conjugate to M2(0p). Thus we get 

^ ^D P = GL(2, ff v ) -+ ^Dp/i + ^ Dp = GL(2,F) 

which induces a homomorphism T — > PGL(2, F). By strong approximation, 
the image of T acts transitively on P^F). By definition, X(P) = r (P)\Jf 3 
where To (P) is the T-stabilizer of a point in P 1 (F) . This gives a cover X(P) — ► X 
of degree ^(F) | = N(P) + 1, where N(P) = |F| is the norm of P. 

Suppose instead P is one of the finitely many primes where D ramifies. Then 
Dp is the unique quaternion division algebra over Kp, and so is a local skew- 
field whose valuation ring is €?d p with a unique maximal bi-ideal £2. If q = |F| 
we have 

See e.g. jMRj §6.4] for details. Set T(P) < T to be the projectivization of the 
kernel of G* D -> F* 2 , and let X(P) = r(P)\^ 3 . The precise degree of X(P) — > 

X depends on K and D, as for instance ^ —* F £? 2 is rarely onto. 



Vig, MRj. Begin with a number field 
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More generally, suppose A = P1P2 • • • P n is a square-free ideal of G^. Then 
X(A) is defined as the common cover of the X(P,). If D does not ramify at any 
Pj, strong approximation implies that the degree of X(A) — > X is the product 
of the degrees of X(P Z ) -> X. 

3.7. Standard Hecke operators. The Hecke operators for these covers are de- 
fined as follows. Let ram(D) denote the set of primes where D is ramified. 
Suppose A divides a square-free ideal B. Then we have the natural covering 
map 

(pi = <h t B/A- X(B) -X(A). 

Moreover, if B/ A is prime to ram(D), then for each ideal / dividing B I A, there 
is a certain covering map: 

<Pj = <p hB/A : X(B) ->X(A), 

which is just ^1 when / is the unit ideal. These maps are defined below. In 
particular, for a prime P ram(D) not dividing A, we have two covering 
maps: 

fafa: X(AP) ^X(A) 

Then the Hecke operator for P on H*(X(A)) is defined as Tp = * p in the 
notation of Section |3Al These have the following key properties: 

3.8. Proposition. Let Abe a square-free ideal of &yl- 

(1) The standard Hecke algebra for X(A) is generated by the Tp for p \ A and 
p £ ram(D). For prime ideals P and Q, the Hecke operators Tp and Tq 
commute. 

(2) Consider a cover (pj: X(B) — ► X(A), with B square-free, and the associated 
degeneracy map 

tf: H\X(A)) - H J (X(B)). 
If P is a prime ideal not dividing B, then 

(f,* o Tp = Tp o fj 

where the superscripts on the Hecke operators indicate which orifolds' coho- 
mology is being acted upon. 

We will now give a definition of the maps (pj, and indicate how to deduce 
the properties above. For this it is convenient to work in the adelic setup. 

Let = Koo x Ay be the addle ring of K, with denoting the prod- 
uct of the archimedean completions of K and Ax,/ being the ring of finite 
adeles. Put G = D*, which is a reductive algebraic group over K, with cen- 
ter Z. Then G(K) is a discrete subgroup of the locally compact group G(A^) = 
Goo x G(A K j). Since K has a unique complex place and D is a quaternion divi- 
sion algebra ramified at all the real places, we have Geo ^ GL(2,C) x H^" 2 , 
where H is Hamilton's quaternion algebra over R; consequently, Zoo \ Goo is 
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PGL(2,C) x SU(2)[ X:< 2)~ 2 . Moreover, since G is anisotropic, Godement's com- 
pactness criterion implies that the adelic quotient 



XA:=G(K)Z(A K )\ jr3xG ( A ^ 



is a compact space, equipped with a right action by G ( A K j) . We may view 
as the projective limit of closed hyperbolic 3-orbifolds 

as U varies over a cofinal system of compact open subgroups of G (A^f) . These 
orbifolds are in fact manifolds for deep enough U. The reduced norm on D* 
induces a map Nrd : G(A K j) — > A* K ^ and if U is any compact open subgroup 

of G(A K j), we can write G(A^) as a finite union 

ft(ir) 

G(Ajc) = |J G(K)GcoX ; LT, 

7=1 

for any elements %\ = 1, %i, . . . , x h ^ in G(A K j) such that (Nrd(xy)} is a 
complete set of representatives for K*Nrd(U)\A^ y. We may choose these 
Xy to have components 1 at the primes in ram(D), and such that for finite 
v <t ram(D), 

N 



x 



J' v ~ \ 1 



for some av p in K*, of course with a\ v G ^ p for almost all v. When U is the 
maximal compact subgroup G(^,/) — TlpG{&K,p)/ the number of compo- 
nents h(U) is just the class number h of K. 

We will use the following cofinal system of compact open subgroups Ua for 
ideals A = Up P m(P) , given by: 

u A =[ n u P (P m n)xl n ^p(p mp ) 

yP6ram(D) y yP^ram(D) 

where for P G ram(D), the subgroup Up(P mp ) is the principal congruence 
subgroup of G(K P ) of level P mp , while for P g ram(D), 

UoAP mp ) = {g e G(^,p) | g = (* *) mod P»' }. 

Note that Nrd(U 0/P (P mp )) is implying that 

(A,ram(D)) = 1 => := fr(UU) = fr. 

For the main example of this paper K = Q[\/— 3] for which h = 1. 

The space X;j A has connected components. More precisely, if we put 

Tj(A) = G(K) n XjU A x~\ 



14 



DUNFIELD AND RAMAKRISHNAN 



we get 

h(A) 

*u A = U r j (A)\^ 3 - 
;'=i 

Here r 1 (A)\^T 3 is the orbifold X(A) that we defined in Section 1331 

3.9. Degeneracy maps. We now turn to the degeneracy maps discussed in 
Proposition I3.8t|2l> . If P is a prime ideal not in ram(D), choose a uniformizer 
CD at P and define g(P) e G(Ak) to be ( J J ) at P and 1 at all other places. We 
then define a map via right multiplication: 

X A -> X A given by £ ^ £g(P) . 

Note that g(P) has only one non-trivial component, namely at P, and that com- 
ponent is diagonal. At the finite levels we get the induced maps 

<P'p : x u A ng(P)u Ag (P)-i x u A - 

It is immediate that 

P\A liAn^liA^-^LTAp. 

We let </>p denote again the restriction to the connected component X(AP). It 
is easy to extend this to square-free ideals / away from A and ram(D), and 
if / divides B/ A for another square-free ideal B, then we may compose the 
natural map <pr. X(B) -»• X(AJ) with <py. X(AJ) -> X(A) to obtain the map 
(pj discussed above. 

For each prime P j A, P £ ram(D), the Hecke correspondence Tp : X(A) — > 
X( A), defined above by pulling back along and then pushing down by (pp, 
also acts on the cohomology of X(A) in the obvious way. This Hecke opera- 
tor does not depend on our choice of uniformizer, because if we replace CD by 
another uniformizer CD 1 at P, then u := cd'cd" 1 is a unit at P, and right multi- 
plication by (ID acts trivially on X(A). So the action of T P on H*(X(A)) is 

invariantly defined for any such P, and is denoted as Tp if we want to keep 
track of the level A. 

Note that right multiplication by g(P) on the adelic space X A induces a fam- 
ily of maps 

g(P) A : X Up - Xu, 

as LZ = U/i runs over congruence subgroups of level A prime to P. Also, 
the right multiplication by g(P) and g(Q) on X A evidently commute for two 
distinct primes P, Q, since the matrices g(P) and g(Q) themselves commute. 
One gets the identities, for any compact open subgroup U of level A prime to 

PQ, 

u PQ = un (g(P)g(Q)u g (Q)- 1 g(p)- 1 ) 

= un (g(Q)g(P)w g (P)- 1 g(Q)- 1 ) = u QP . 
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Moreover 

U P n (g(Q)LTpg(Q)- 1 ) = Upq and U Q n (g(P)WQg(P)- 1 ) = U PQ . 
and one also gets a commutative diagram 

X(APQ) 

g(Q) AP / \ g(P) AQ 



X(AP) X(AQ) 



s(P) AQ s(Q) A 

A (A J 

From this, and the definition of T A , we get assertion (1) of Proposition 3.9. For 
assertion (2) we note that Tp descends compatibly to levels A and B with A \ B, 
as long as P \ B. Compatibility with <pj follows. 

3.10. Newforms and oldforms. The cohomology of X(A) decomposes natu- 
rally into oldforms and newforms. The former, denoted H ! (X(A)) old is by 
definition the subspace of fP(X(A)) generated by the images of cp*j B/A , as B 
varies over all the ideals properly containing A and / varies over divisors of 
B/ A which are prime to ram(D). Note that an oldform is therefore fixed by a 
conjugate of a congruence subgroup of smaller level. 

As we saw above, the adelic quotient X(Ua) is not connected, and we have 

H 3 (X(U A j) = H 3 (X A )^ ~ Q 11 ^, 

and this holds even when X(U A ) is an orbifold. As X(A) is the connected 
component, it follows that 

H 3 (X(A)) ~ Q. 

Let us focus on H 1 . There is a complementary new subspace H 1 (X(A)) new , 
which consists of cohomology classes which are genuine to the level at hand, 
and it can be defined as the annihilator of H 2 (X(A)) old under the cup product 
pairing 

U: H 1 (X(A)) x H 2 (X(A)) -> H 3 (X(A)) ~ Q. 

Since the elements of the Hecke algebra act as correspondences on X(A), this 
pairing is also functorial for the Hecke action. 

3.11. The main geometric theorem. Now we turn to 

3.12. Theorem. Let M = X(A) be an arithmetic hyperbolic 3-manifold defined as 
above from a quaternion algebra D/K and an ideal A of Let P\, . . . , P„ be 
prime ideals of &yl coprime to A at which D does not ramify. Consider the correspond- 
ing congruence cover M(P\P2 • • • P n ) — > M, which has degree fl (1 + Nx/q(P/)). 
Suppose co e H 1 (M) comes from afibration over the circle, and that Tp.(cv) = 0/or 
each Pi. Then M(P\P2 • • • P n ) has at least 2" pairs of genuinely distinct fiber ed faces. 
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Theorem 11.21 follows from Theorem 13.121 once we exhibit in Section |4] an M 
and an to, together with an infinite set of primes {P t } such that Tp (to) = 0, by 
considering all the covers M(PjP2 • • • P m ). 

Proof. We claim inductively that M m = M(Pi?2 • ■ ■ Pm) has 2 m fibered classes 
oo { lying in genuinely distinct fibered faces which are killed by Tp k for all k > m. 
To simplify notation, set P = P m+ \. By the discussion above, we have two 
covering maps 

(pi, <p P : M m+ i — > M m 

and let tOj be the 2 m+1 classes which are the pull-backs of the u>{ by <p\ and (pp. 
As Tp kills all the tOj, Lemma 13.41 implies that the tdj lie in genuinely distinct 
fibered faces. The commutatively property of Hecke operators and degeneracy 
maps implies that T pk (tOj) = for all j and any k > m + 1, completing the 
induction. □ 

4. The base manifold M 

Here is the arithmetic description of our example in the framework of Sec- 
tion [3J3 Consider the imaginary quadratic field K = Q[y— 3], with ring of 
integers The non-trivial automorphism of K can be identified with com- 
plex conjugation via embedding K into C, and will be denoted as such. The 
rational prime 7, or rather the ideal 7&k, splits in K as QQ. Let D be the unique 
quaternion division algebra over K which ramifies exactly at Q and Q. Let 
be a maximal order of D; this order is unique up to conjugation as K is qua- 
dratic and has restricted class number hoo = 1. The corresponding hyperbolic 
3-orbifold is X = 0p\j^ 3 . Our example manifold M is the (principal) con- 
gruence cover of X of level QQ. To state its key properties, we need one more 
piece of notation. Let & be the set of rational primes p ^ 7 which are inert in 
Q[V— 7] but are split in K, and consider the set of prime ideals of given by 
= {P | n k/q(P) = p£^}.We will show: 

4.1. Theorem. Let M be the arithmetic hyperbolic 3-manifold described above. 

(1) The new subspace V = H 1 (M;Q) new is 2-dimensional and isotypic under the 
Hecke action. Moreover, for each prime P in the set described above, V is 
in the kernel of the Hecke operator Tp. 

(2) There is an to e V coming from afibration of M over the circle. 

The proofs of parts (d) and © are essentially independent, and we tackle 
them separately in the next two sections. The main result of this paper, Theo- 
rem [L4l follows from considering the congruence covers M{P\P2 ■ ■ ■ Pn) —> M 
where P; G Theorem 14. II implies that M(PiP2 • • • P n ) satisfies the hypothe- 
ses of Theorem 13.121 and hence has at least 2 2w fibered faces. Using that & 
consists of 1 /4 of all rational primes, we then calculate a lower bound on the 
number of fibered faces in terms of the degree of the cover. The details of this 
proof of Theorem 11.41 are given in Section 13 

The manifold M is the only one we could find with a CM form coming from 
a fibration over the circle. Because CM forms are fairly rare, there are very few 
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potential examples where one can computationally examine the topology in 
order to check fibering, even with the improved methods we introduce here. 
We were very fortunate that M does indeed have the desired properties, since 
there are probably only one or two more potential examples that are within 
reach. The next example to look at would have been starting with the elliptic 
curve y 2 + y = x 3 over Q which has conductor 27 and is CM by Q(v /— 3) an d 
then base-changing to Q(V — 2). 

5. The automorphic structure of the cohomology of M 

In this section, we give the arithmetic construction of the needed cohomol- 
ogy class on M; the reader is urged to refer back to Section 11.51 for an outline 
before proceeding (the basic construction here has was introduced in [LSJ). We 
show in particular why the underlying automorphic form on GL(2)/X, 
K = Q[\/— 3], transfers to the quaternion division algebra D/K ramified only 
at the primes above 7, and moreover determine exactly its level, which is cru- 
cial. The final result of the section gives a specific (closed) arithmetic hyperbolic 
3-manif old M (of level 7) such that the new subspace of H 1 (M, R) contains a 
plane defined by a CM form which is killed by half of the Hecke opera- 
tors Tp. Later in Section 6, we will show that this new subspace is at most 
2-dimensional and contains a vector coming from an S 1 -fibration. Taken to- 
gether, this will prove Theorem 14. II 

The proofs are given in detail, especially when there are no precisely quotable 
references, even though the experts may well be aware of the various steps. 
While there are an abundance of CM forms which define similar cohomology 
classes on corresponding manifolds, so far we have managed to find only this 
one particular form at the confluence of the required arithmetic and topological 
properties. Thus we wish to take extra care in checking the details. 

5.1. A cusp form form on GL(2, Q). Let E be the elliptic curve over Q defined 
by 

y 2 + xy = x 3 - x 2 - 2x - 1. 

It has conductor 49, admitting complex multiplication by an order in the imag- 
inary quadratic field L := Qfy 7 — 7]. For any rational prime p, we set, as usual, 

flp(E) :=p + l-N p (E), 

where N„(E) is the number of points of E modulo p. The L-f unction of E is 
given by 

L(s,E) :=Y\(l-a v {E) V - s + V l - 2s ^ 1 
v 

which, by a theorem of Deuring (see e.g. HGroll ), equals 



L(s,Y) := J! (1 " TCPJ^L/qCP)-)- 1 = n (ll (1 - Y(P)^ L/Q (P)- S )) 

P V \P\p J 
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where Y is a Hecke character of L of weight 1, and ^fi/Q denotes the norm 
from L to Q. Equating, for each p, the corresponding Euler p-f actors of L(s,E) 
and L(s, Y), we see that 

p£?L prime ==> a p (E) = 0. 

One knows by Hecke, or by using the converse theorem, that Y defines a 
holomorphic cusp form of weight 2 for the congruence subgroup To (49) of 
SL(2, Z), given by f(z) = E«>i a ntf n with q = e 2mz which is new for that level. 
Here, we normalize / so that «i(/) = 1 and a p (f) is the eigenvalue of the p iil 
Hecke operator T p . One obtains, for every prime p ^ 7, that a p [f) = a p (E). 
Thus dp {f) is zero whenever p is inert in L. 

5.2. Ramification at 7. The cusp form / is ramified at 7, but to make this pre- 
cise, and to see what happens when we base change to K = Q[V —3], it is 
necessary for us to consider the situation adelically. 

For any number field k, let A^ denote the topological ring of adeles of k, 
which is a restricted direct product Ytv Qv/ as v runs over the places of k and 
k v denotes the completion of k at v. When k has only one archimedean place 
up to complex conjugation, e.g. k = Q or k imaginary quadratic, this place is 
denoted by oo. Given any algebraic group over k, it makes sense to consider 
the locally compact topological group G(A^) = Ytv G(k v ). 

One knows that the cusp form / generates a unitary, cuspidal automorphic 
representation n = ®' v tc v of GL(2, Aq) with trivial central character, with Tioo 
being the lowest discrete series representation of GL(2,R) ([GelJ), such that 
L(s — 1/2, 7r) = L(s,/). By construction, n p is unramified at every prime p ^ 
7, which translates to the elliptic curve E having good reduction at p. More 
precisely, the conductor c(n) of n satisfies 

c(n) = c(n 7 ) = 49. 

We need to identify the local representation at 7, and in fact to make sure that 
it is not a principal series representation. 

5.3. Lemma. Let f, n be as above. Then 7X7 is a supercuspidal representation of 
GL(2,Q 7 ) of conductor 49. 

After this paper was written, we learnt from B. Gross of an earlier, different 
proof of this Lemma in |GL[ . Moreover, the referee has remarked that such 
a result should by now be well known. We will nevertheless give a proof, as 
it is explicit, not long, and uses an explicit criterion of Rohrlich involving the 
discriminant. 

Proof. Let us first note a few basic facts. Since n is defined by a Hecke character 
of a quadratic extension, or equivalently since £ has complex multiplication, 
the local representation n p at any prime p is either in the principal series or 
is supercuspidal. In either case, we claim that there is a finite extension El Q p 
over which (the base change of) n p becomes an unramified principal series rep- 
resentation. Indeed, by the local Langlands correspondence for GL(2) [Kutl, at 
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any p the local representation Tip is attached to a semisimple 2-dimensional C- 
representation a p of the local Weil group Wq , whose determinant corresponds 
to the central character of n p (by local class field theory), which is trivial in 
our case. Recall that Wq is the dense subgroup of the absolute Galois group 

Gp = Gal(Qp/Q p ) generated by the inertia subgroup and the integral pow- 
ers of a lift to Gp of the Frobenius automorphism x — ► x p of F p . One knows 
that Tip is in the principal series if and only if cr„ is reducible, necessarily of 
the form Vp ffi v" 1 . We may write Vp as an unramified character times a finite 
order character A p , since the inertia subgroup I p acts by a finite quotient, and 
so Up becomes unramified over the finite extension Qp(Ap), which is the cyclic 
extension of Q p cut out by A p by class field theory By looking at the ^-adic 
representation of Gp attached to cr p , and using the Neron-Ogg-Shafarevich cri- 
terion |[STfl, we see that E also acquires good reduction over Q p (A p ). Suppose 
now dp is irreducible, in which case n p is supercuspidal. Again, <t„ is acted on 
by Ip through a finite quotient Hp, because I p is profinite and a p takes values 
in GL(2, C). Consequently, there exists a finite Galois extension F/ Q p with Ga- 
lois group Hp such that over F, the representation a p becomes unramified and 
E attains good reduction. Hence the claim. 

We argue further that this line of reasoning shows that Tip is in the principal 
series if and only if E acquires good reduction over an abelian extension of Qp. 
Indeed, this is clear if n p is in the principal series, so we may assume that Tip 
is not of this kind. Then dp is irreducible and becomes unramified only over a 
more complicated extension F due to irreducibility; F is dihedral for p > 3, but 
can be wilder for p = 2. 

For p > 5, a theorem of Rohrlich URohl asserts that E acquires good reduction 
over an abelian extension of Qp if and only if the following field is abelian over 

F:=Q p (A 1/e ), 
where A is the discriminant of E and 

12 

e ~ MA), 12)' 

where the denominator on the right signifies the gcd of Vp(A) and 12. 

In the present case, p = 7 and A = — 7 3 , so that e = 12/3 = 4. Consequently, 
F is generated over Q7 by a fourth root of 343. The only way F can be abelian 
over Q7 is for Q7 to contain the fourth roots of unity, i.e., for —1 to be a square 
in Q7, and hence in F7. But this does not happen because the Legendre symbol 
(^-) is (— 1)( 7-1 )/ 2 = —1. Hence 717 is supercuspidal. 

Finally, the conductor c(n) of n factors as 

c(tt) = T[c(np), 
v 

and since n is associated to E, the conductor c(n) coincides with that of E, 
which is 49. Moreover, as Tip is unramified at every prime outside 7, we have 
c(ti p ) = 1 for every p 7^ 7. It follows that c(ny) = 49. □ 
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5.4. Local transfer to the quaternion algebra over Q7. Denote by B the unique 
quaternion division algebra over Q7. Then B* is an inner form of GL(2) over 
Q7. By the local Jacquet-Langlands correspondence |JL} §16], there is a finite- 
dimensional, irreducible representation of B* functorially associated to TI7. 
Let @~b denote the maximal order of B, and for any m > 0, let rg(7 m ) denote 
the principal congruence subgroup of level 7 m , with TbO-) denoting 

5.5. Lemma. The dimension of 7ij is 2, and its conductor is 49. This representation 
is non-trivial when restricted to and the kernel contains Tb(7). 

Some people would be tempted to say that has conductor 7, but it would 
not be in agreement with the convention used in the theory of automorphic 
forms, where the trivial representation of B* is said to have (normalized) con- 
ductor 7 (see IITuni §3]). 

Proof. Two of the basic properties of the correspondence 717 — ► are the fol- 
lowing: 

(1) The dimension of is the formal dimension of 1x7. 

(2) C(7T 7 B ) = C(7T 7 ). 

To elaborate, under the Jacquet-Langlands correspondence (see (Gjj, Theorem 
8.1, for example), the character of re? is the negative of the (generalized) char- 
acter chini) of (the discrete series representation) 717 on the respective sets of 
regular elliptic elements (which are in bijection); ch(ji7) is a priori a distribution, 
but is represented by a function on the regular elliptic set which is locally con- 
stant. For a proof of the identity (d), which follows from this character relation, 
see for example | |Rog| Prop. 5.9]. The point is that 0/1(717) on regular elliptic el- 
ements close to 1 equals, up to sign, its formal dimension, and similarly for the 
character of of TCj . For a discussion of the identity ©, see e.g. UPrai page 21]. 
One can also refer to PHI §56], once one observes that (in the notation of that 
book) c(n$) = 7^7 B )+i and c(n 7 ) = 7 2£ ^ +1 . 

Thanks to ©, it suffices to check that the formal dimension of is 2. Let us 
first make the following 

5.6. Claim. The 2-dimensional representation o~7 of Wq 7 associated to 7T 7 is induced 
by a character % ofWp, where F is the unique unramified quadratic extension 0/Q7. 

To begin, as tt is associated to a Hecke character Y of Q[\/— 7], the represen- 
tation o~j is induced by a character ip, of ]N\, where k is the ramified quadratic 
extension of Q7 obtained by completing L at the prime (v 7 — 7). (The character 
ip is the local component at \/—7 of the global unitary idele class character of L 
defined by Y.) Then we have 

c(a 7 ) = ^i /Q7 (c(xp))disc k/Q7 , 

where jV denotes the norm and disc the discriminant. Since —7 = 1 (mod 4), 
disC] i /Q 7 is —7, which forces c(tp) to be P := (v 7 — 7)^/ because 0(0-7) = 49 and 
^yjc/Q 7 (V~ 7) = 7. Moreover, we have 

det((/ 7 ) = Ver k/ Q 7 (xp)rj k , 
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where Ver denotes the transfer map, and % is the quadratic character Wq 7 at- 
tached to k/ Q7. As the determinant of 07 is 1, the restriction of xp to Q 7 must be 
the quadratic character n^. If t denotes the non- trivial automorphism of k/ Q7, 
we must have 

ip T = xpv, 

where v is the unique quadratic unramified character of W^. (As usual, ip T (x) = 
ip(x T ), for all x G W^.) Indeed, with denting the usual filtration of the unit 
group 14, xp and xp T are trivial on IT^, but not on U^, since c(xp) = P. Also, i/>/V T 
is evidently trivial on QJ, implying that xp/xp T is even trivial on the full unit 
group Ufc/ and thus must be an unramified character v. Also, since (xp T ) T = xp, 
we get v 2 = 1. On the other hand, since k = Qj(\/ —7), the automorphism t 
sends the uniformizer \J — 7 to its negative, and so xp T differs from xp; in other 
words, v must be the unique unramified quadratic character of Wjfc. Next ob- 
serve that since fc/Qz is ramified, the unique unramified quadratic extension of 
k is the compositum Fk, where F is the unique unramified quadratic extension 
of Q7. This forces v to be of the form r/p o JV^i^, and so we have 

(r 7 (g) 7F ~ ij^tyl/) ~ J fc Q7 ()/; T ) ~ (7 7 , 

as 07 is induced equally by ip and i/? T . Thus 07 admits a self -twist under rjp , or 
equivalently, that there is a WQ 7 -homomorphism 

rj F ^ (7 7 <g) (j 7 ~ 1 © sym 2 (a- 7 ). 

Here we have used the triviality of det((r 7 ), and sym 2 (c7) denotes the (3-di- 
mensional) symmetric square representation. Combining this with o~j ~ Cj, 
we get a WQ 7 -isomorphism 

End((r 7 ) ~ cr® 2 ~ tj F © 1 © i 6 / 

for a 2-dimensional representation /3 (C sym 2 (a7)). Since j/f is trivial on Wp, 
we get 

dim c Homw f (I,End((77)) > 2. 

So by Schur, the restriction of cr 7 to Wp is reducible, and if ^ is a character of Wp 
appearing in 071 , Frobenius reciprocity implies that 07 is induced by X- This 
proves Claim [5761 

By the local correspondence (JLj, the representation 717 is associated to the 
character % of F* (~ W| b ), with F/ Q7 unramified. Now we may apply Lemma 



5 of [PRJ, which summarizes the results we want on the formal degree, etc. In 
that lemma, cond(— ) means the exponent of c(— ), and the quadratic extension 
K there corresponds to our (unramified) F here. (It should be noted that the 
K in that lemma is taken to be unramified if the representation is attached to 
more than one quadratic extension.) Since cond(^) = 1 for us, we see that 
has dimension 2. Also, c{n^) = 1. This implies the last part of the lemma 
by the discussion in IITunL cf. the two paragraphs in Section 3 before Theorem 
3.6. □ 
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5.7. Base change to Q[V^3] and the global transfer. Put K = Q[v^3], in 
which the prime 7 splits as follows: 

76 K = QQ, Q = (2 + (1 + iV3)/2j . 

Let ttk = ®' v Kk,v denote the base change IILanl of n to K, which has conductor 
Q 2 Q 2 , the reason being that 7 splits in K as above, and consequently, 

n K,Q - n K Q ~ 7T 7 . 

Also, ttk still has trivial central character. More importantly, since has a su- 
percuspidal component, it must be cuspidal. One can also see this from Deur- 
ing's theory since K and L are disjoint. 

Let D be, once again, the quaternion division algebra over K, which is rami- 
fied only at Q and Q. Then one has, by the Jacquet-Langlands correspondence, 
a corresponding cuspidal automorphic representation tt|? of D(A^)* such that 

V £{Q,Q} 7l£ B = 7t K ,v, 

which makes sense because Dy and GL{2,K V ) are the same at any place v 7^ 
Q, Q. More importantly, 

Dq — — B ' 

where B is the quaternion division algebra considered in the previous section, 
and by the naturality of the Jacquet-Langlands correspondence, 

(5.8) tt£ q ~ zr£_ ~ nl 

5.9. Lemma. The conductor of is 49. The corresponding principal congruence 
subgroup U ofD*(A K j) is of level 76% = QQ. Moreover, the space of vectors fixed 
by U is of dimension 4. 

Proof If v is any finite place of K outside { Q, Q } , the local representation ~ 
7Tk,v is unramified and hence has trivial conductor. Thus we have, by applying 
Lemma 15.51 

' = c (^q) c «q) = c (zrf) 2 = 7 2 = (QQ) 2 . 

By our convention on the conductor, it follows the corresponding principal 
congruence subgroup is of level 76k- The final claim of the lemma follows 
from Lemma 1531 in view of (|5.8|) above. □ 

5.10. The 7r D -isotypic subspace. Put 

y(D) := L 2 (z(A x )DA D(A ^*)' 

where Z is the center (~ K*) of the algebraic group D* over K. Then Y(D) 
is a unitary representation of D(A^)* under the right action. The coset space 
Z(Ak)D*\D(Ak) * is compact, which follows by Godement's compactness cri- 
terion as D* contains no unipotents 7^ 1. Consequently, one has a (Hilbert) 
direct sum decomposition (as unitary D(A^)*-modules) 

r(D) ~ e 7 m(j/)^, 
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where (n, %,) runs over irreducible unitary, admissible representations of the 
group D(Ajc)*, with multiplicities m(rj) > 0. 

The Jacquet-Langlands correspondence which embeds Y(D) into the dis- 
crete spectrum of the corresponding space for GL(2, A&), and since the multi- 
plicities are 1 on the GL(2) / K-side |JL|, we get 

m(rj) < 1, for all n. 

Since = n^oo <8> 7T^r is by construction a cuspidal automorphic repre- 
sentation of D(A^)* of trivial central character, it gives rise to a non- trivial 
summand in Y(D). In particular, 

m(7rg) = 1. 

The 7r^-isotypic subspace of y(D), identifiable with 'f^o, is infinite-dimen- 
sional. However, due to the admissibility of tt®,, given any compact open 
subgroup U of D(A K j)*, the space U-invariants in tc^, is finite dimensional. 
Applying Lemma I5T91 we obtain the following 

5.11. Lemma. 

dim c ^ D(7) = 4. 

K,f 

5.12. Connected components of the adelic double coset space. Now put G = 

D* /K and consider the adelic quotient space 

Xa := G(K)Z(A K )\^ X G ( A */), 

introduced in the middle of Section [3771 which admits a right action by G ( A^,/ ) • 
Also set 

A = QQ, and X Ua = X A /U A , 

where 

U A = U Q (Q) x LJq(Q) x I U_G(0 Kp ) 

where Uq(Q) is the principal congruence subgroup of G(Kq) of level 1, i.e., 
the kernel of the map to G{&t), and the same for Uq(Q) < G(Kq). We will 
write Uo (7) instead of U A to refer to the specific choice of A here. 

5.13. Lemma. Xu A has two connected components, both diffeomorphic to the manifold 
M defined in Section |U 

Proof. The disconnectedness comes because we are working with the group D* 
and not its semisimple part 

D 1 := Ker (Nrd: D* K*) , 
where Nrd denotes the reduced norm. In our case, we have 

X Ua = D *\^ 3 x (z(A Krf )\D^K,fT/u D (7)) 
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where D* acts diagonally. Thus the number of connected components of M A 
is 

(5.14) tt (M a ) = D *Z(A KJ )\ D{ - A K,fY/u D {7) 

Were we working with D 1 , we would have 

no = D i\D(A K/f y /u 

where the right hand quotient is a single element as D 1 is dense in D(A^j) 1 
by strong approximation. 

Returning to the case at hand, it is straightforward to check that we can eval- 
uate the right hand side of (|5.14[) by taking its image under Nrd. Since Nrd 
surjects D* onto K*, as well as D(A K )* onto A£, and Z(A K ) onto A| 2 , we get 

7T (M A ) = A* K /K*\ A hf/Nrd(U D (7))- 

Note that since the class number of K = Q[y— 3] is 1, we have by strong 
approximation, 

A* K = K*K* 00 Y[U P , 
p 

where P runs over all the (finite) primes of and Up = <ff^ . Moreover, 



Nrd(U D (7)) = Yl_U P x x U±, 



where U l Q = 1 + s^k q - 

As 7 splits into Q, Q in K, we have ~ ~ Z 7 , and moreover, Z|/Z| 2 
identifies with F|/F| 2 ~ {±1}. It follows that 

n Q (M A ) = Coker f (V| Q /^1 Q 2 ) x ^ (f?/FJ 2 ) 2 ) . 

The map ^| — > F7 x F7 is onto the diagonal, and thus M A has two connected 
components. 

To complete the lemma, here is an explicit description of the two compo- 
nents. Let ) be an element of A^ with x v = 1 for all v 7^ Q, such that 
the Q-component Xq is an element of (~ Zy) mapping onto a non-square 

of F7. By the preceding, we get an identification 

M A = M T \jM T i, 

with connected components 

M r = r\^ 3 , M r = r'\^ 3 , 

where 

r = r(QQ) = d* n u D {7), V = d* n (xi/o^)*" 1 ) . 

Now Mp is precisely the manifold described in Section HI as claimed, and Mr' 
is diffeomorphic to Mr since Up (7) is a normal subgroup of Up. □ 
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5.15. Cohomology on the compact side. Put G = D*/Z. Then T = T(QQ) 
defines a torsion-free lattice in Goo = PGL(2, C). Since Jt? 3 is contractible, Mr 
is an Eilenberg-MacLane space for T, and thus 

H*(M r ,Q) ~ H*(r,Q). 



Moreover, since T is cocompact, by a refinement of Shapiro's lemma [Bla], we 
have 

H*(r,C) ~ H* ont (Geo,! 2 (r\Gco)°°) , 

where H* ont denotes continuous cohomology, and the superscript oo on (the 
right regular representation) L 2 (r\Goo), which is the unitary analog of the 
group algebra of a finite group, denotes taking the smooth vectors. Conse- 
quently, if L 2 (r\Goo) decomposes as a unitary Goo-module as ©moo (jS)W«, 

H*(M r ,C) ~ H* ont (Goo,L 2 (r\Goo)°°) ~ e ( ^)^oo(i6)H* ont (G 00/ WJ°). 

One knows that there is a unique irreducible, unitary representation (/3o, W^ ) 
of Goo for which 

HU(Gco,W^) 7^ 0, for/ = 1,2, 

and the dimension is 1. In fact (see IClol , for example), the 2-dimensional rep- 
resentation of Wc = C* attached to this /3o (by the local archimedean corre- 
spondence) is given by 

f z \ ( z 

(Too : z — i 



z\ \ z 



By construction, the parameter of our n^ /00 (— tt® 00 ) is also of this form. Hence 
we have 



If L 2 (G{K)\G(A K )/U D (7)) ~ e n ^(n)n (as unitary G(AK)-modules), a 
straightforward adelic refinement of the above yields the following identifica- 
tion: 

H*(M A ,C) ~ H* ont (Goo,L 2 (g(K)\G(Ax)/u d ( 7 ) 



^e n H* on t(Goo,r nco )®ny D(7) , 

where 1% = (g> denotes the admissible subspace of (the space of) n = 

rioo^rif. 

Next recall that ran is 1, and that H£ ont (Goo, W^) is 1-dimensional for i = 1, 2. 
So we get an isotypic decomposition (for i G {1,2}), 

H ; (M A ,C) ~ ©{n^^n/), 

where 

dim c H ! (M A ,n / ) = dim c ^ D(7) . 

In particular, since our 7rj? is one such n, and since the space of Up ^-invari- 
ants of re®, is 4-dimensional, we obtain 
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5.16. Lemma. For i = 1,2, we have dim^ fi z (M A , r) = 4. 

Combining this with the discussion of the connected components of M A in 
the previous section, since M A has two isomorphic components, we get the 
following, where is the set of primes defined in Section |4j 

5.17. Theorem. For i = 1,2, we have dim c H ! '(M r ;C) new > 2. More precisely, 
H 1 (My; C) new contains a plane (defined by ft® J on which the Hecke operators Tp act 
by zero for all P e 

6. The Thurston norm and fibered faces of m 
In this section, we study the topological properties of M and show 

6.1. Theorem. Let M = X(QQ) be the hyperbolic 3-manifold described in Section® 
Then H X (M;Q) is 3-dimensional and 

(1) The Thurston norm ball Bp C H 1 (M; R) is a parallelepiped, i.e. an affine cube. 

(2) Exactly four of the six faces of Bp are are fibered. 

(3) The subspace of oldforms H 1 (M;Q) old contains the line passing the barycen- 
ters of the non-fiber ed faces. 

Here, the bary center of a face is the average of its vertices. We will now show 
that if Theorem 16.11 holds , then so does Theorem 14.11 

Proof of Theorem \47L] modulo Theorem 16.11 By Theorem 15.171 the subspace V = 
H 1 (M;Q) new contains a 2-dimensional subspace Vb on which the Hecke op- 
erators Tp act by zero for P G SP^. By Theorem |6.1[ we knowH 1 (M;Q) is 3-di- 
mensional and H 1 (M;Q) old is non-zero; this forces V = Vq. It remains to show 
that V intersects the interiors of one of the four fibered faces. We can change 
coordinates on H 1 (M; Q) by an element of GL(3, Q) so that Bp is the standard 
cube with vertices (±1, ±1, ±1)/ and the non-fibered faces are the ones inter- 
secting the z-axis. By part ©, the set of oldforms W is then the z-axis itself. 
Now dim V — 2, and among all 2-dimensional subspaces, only two miss the 
interiors of the fibered faces, namely the ones containing a vertical edge of Bp 
where two fibered faces meet. But both of these subspaces contain the z-axis of 
oldforms W and so can't be V. So there is a fibered class in V as desired. □ 

The rest of this section is devoted to proving Theorem |6.1| We will produce an 
explicit triangulation of M and use a series of tricks to compute the Thurston 
norm. We believe these tricks are new; they are remarkably effective in many 
examples, and (we hope) are of independent interest. Our computations used 
an extensive variety of software: [fWT iGl ICBFSl ICDl IS AGE! . Source code, data 
files, and complete computational details are available at ||DRf . 

6.3. Finding a topological description. First, we give a concrete topological 
description of M. Let's review the setup of Section |H Let K = Q( Y / —3) and let 
Q and Q be the prime ideals sitting over 7. Let D be the quaternion algebra over 
K ramified precisely at Q and Q. Let Gp> be a maximal order of D. Let (p be the 
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FIGURE 6.2. A Dehn surgery description of the hyperbolic 3-orb- 
ifold B. Our orientation conventions are given by and 
match those of SnapPea |fW|. 



embedding of D* /K* into PGL(2, C), and set T = (p{0 D ) and X = T\J^ 3 . Also, 
let G u denote the elements of norm 1, and set r' = <p(0p) and X' = l'\j^ 3 . 
We are interested in the congruence covers X(Q), X(Q), and M = X(QQ). 



6.4. The topology of X'. It is often easier to find X' than X because of the 
following characterization of the former. For a lattice A in PSL(2, C), let A 
denote the preimage lattice in SL(2, C). Let kA be the number field generated 
by the traces of elements of A, and A A be the quaternion algebra generated by 
the elements of A (see e.g. IIMR1 Ch 3] for details). Then Corollary 8.3.6 and 
Theorem 11.1.3 of llMRl imply that A\JT 3 is X' if: 

(1) kA = K and AA = D. 

(2) The trace of every element in A is an algebraic integer. 

(3) The volume of A\^ 3 is 3 3/2 36^(2)/(4tt 2 ) w 6.0896496384579219. 

Here, the degree of K is small, as is the volume, so we can expect these condi- 
tions to be verified by the program Snap [CGHN, Gj if it is given a topological 
description of the orbifold X' . 

In our case, a brute-force search finds the following description of X' . Let B 
be the orbifold shown in Figure [6^2] From this topological description, SnapPea 
|[W| derives the following presentation for tc\{B): 



a,b 



b 2 = aBABaba 4 baBAbabABA i BAb = aBABaba 3 baBABaba 3 b = 1 



where A = a' 1 and B = b~ l . Hence Hi(B;Z) = Z/2 Z/8, and so B has a 
unique regular cover C with covering group Z/2 ® Z/2. SnapPea can explic- 
itly build C as a cover of B given the action of tc\{B) on the cosets of Tt\[C). 
Snap checks that C is X' . This is a little subtle as the reasonable spun ideal 
triangulations of C have some flat ideal tetrahedra (though no negatively ori- 
ented ones), and it is necessary to invoke [PWj, in slightly modified form, to 
justify that we have constructed the hyperbolic structure. For details, see [DRJ. 
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Though we did not check this rigorously, and will not use it in this paper, 
the manifold X is almost certainly the 2-fold cover of B whose homology is 
Z/8 © Z/8; this cover is the SnapPea orbifold s883(2, -2) (2, -2). 

6.5. Remark. Prior to 2007/9/12, the version of the SnapPea kernel [WJ that 
came with SnapPeaPython [WCDJ contained a bug where it sometimes re- 



turned the wrong orbifold when the cover it was trying to construct was a 
proper orbifold. The underlying topology was correct but the orbifold loci are 
sometimes mislabeled by proper divisors of their real orders. This bug also af- 
fects the MacOS Classic versions of SnapPea, e.g. SnapPea 2.6 and the derived 
Windows port. The calculations here were, of course, done with a corrected 
version of the kernel. 



6.6. Constructing X(Q). In order to build X(Q), we begin by claiming that it 
covers X' and that this cover X(Q) — ► X' is a cyclic cover of degree 4. First, 
we work out the structure of the local quaternion algebra Dq = Kq ®x ^ by 
following IIMRl §6.4]. We have Kq = Q7 by Hensel's lemma since —3 has a 
square-root mod 7. Let F be the unique unramified quadratic extension of Kq, 
concretely F = CMz). Then we have Dq = F © F j where i and j anti-commute 
and j 1 = 7. Then &d = &p © &pj. Consider the homomorphism 



@i) —> F defined by x + yj 1— » x, where F = F49 is the residue field of F. 



If A is the kernel of the restricted homomorphism 0jj — > F , then by definition 

X(Q) = A\jf 3 . 

Now the norm map Nrd: Dq — > Kq is given by Nrd(x + yj) = Nrd(x) — 

7Nrd(y). Thus if a is in the kernel of — ► F*, we have Nrd(a) = 1 in Kq. As 

the units of &k, the sixth roots of unity, all map to distinct elements in K*q, it 

follows that a; is in fact in 6^. Thus we have A C @ l D and so X'(Q) = X(Q); 
henceforth we focus on the former description. 

The image of ^ — > F x is just the elements of F49/F7-norm 1; these el- 
ements form a (cyclic) subgroup C of order 8. By strong approximation, the 

image of G x -> F x is the same. Now -1 g A, and so A = m(X'(Q)). On the 
other hand, —1 maps into C non-trivially, and so we conclude that ni(X'(Q)) 
is a normal subgroup of 7i\{X') with quotient C/{±1} = C4. 

Further, we can characterize A as exactly those a £ ^ such that tr(a) = 2 
mod Q. This is because if x £ F has norm 1 and tr(x) = 2 then x = 1 because 
x satisfies x 2 — tr(x)x + Nrd(x). Searching through the normal subgroups of 
TTi(X') with quotient C4, one quickly finds a unique subgroup for which all 
tested elements have trace which is ±2 (mod Q) in the topologically given 
PSL(2, C)-representation; this subgroup must be A. In fact, X(Q) and X(Q) 
are exactly those 4-fold cyclic covers of X' whose homology is Z/28 © Z/28 © 
Z. Repeating the same procedure for Q builds 7Ti(X(Q)) as a subgroup of 
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TTi(X') < 7i\{B). Taking their intersection yields 7ti[X(QQ)). From the associ- 
ated permutation action on 7i\{B) / Ti\ (X(QQ)), SnapPea can build an explicit 
triangulation for M = X(QQ). 

6.7. The Thurston norm of M = X(QQ). For this manifold M, we calculate 
Hl(M;Z) = Z 3 © (Z/14) 4 © (Z/2) 2 . Our next task is to compute the Thurston 
norm ball B T in H 1 (M; R) = R 3 . In general, there is an algorithm using normal 
surfaces for computing the Thurston norm. Normal surfaces are those which 
cut through each simplex in the triangulation like a union of affine planes, and 
have been the bedrock algorithmic tool in 3-dimensional topology since Haken 
first used them to detect the unknot [HakJ. For the Thurston norm, the running 
time of this normal surface algorithm is "only" simply exponential in the size 



of the triangulation HCTL but any triangulation of M must have at least 95 
tetrahedra as its volume is ~ 97.434394, and the triangulations we constructed 
had 130 or more. At that complexity, normal surface methods appear to be 
hopeless. Instead, we take a different approach, which involves producing 
normal surfaces representing certain classes in H2(M) quite cheaply. 

The other key tool will be the Alexander polynomial Am of M which lies in 
the group ring Z [Hi (M;Z)/ (torsion)]. Following McMullen HMcMl , if A M = 
Yj a igi ror a i £ Z and gi £ Hi(M;Z) then we define the Alexander norm on 
H 1 (M;R)by 

\\co\\ A = sup C0(gi -gj). 

hi 

The unit ball B& of this norm is the dual polyhedron to the Newton polytope 
of Am inside Hi(M;R), which is the convex hull of the gj. Since b\(M) = 
dimH 1 (M;R) > 1, we have \\co\\ A < ||o?||r for all a? <E H^A^R), or equiva- 
lently Bj C B A ilMcMB . For a general 3-manifold, these norms do not always 
coincide, but it is actually quite common for them to do so, and we will show 

6.8. Lemma. The Alexander and Thurston norms agree for M = X(QQ). 

Computing directly from a presentation of Tt\ (M) yields: 

(6.9) Am = (16xyz — xy — xz — y — z + 16) 4 

Taking powers of a polynomial just dilates its Newton polytope, so the Newton 
polytope of Am is, up the change of basis, an octahedron. Dually, this means 
that B A is a cube. Since Bj is a convex subset of B^, to prove Lemma [6T81 it suf- 
fices to check that the two norms agree on the vertices of the cube. Moreover, 
M is very symmetric as tc\{M) < 7Ti(B), and any symmetry of M preserves 
both norms, as does the map i : w^-wonH 1 (M; R) . One calculates that the 
image of 

(*,7Ti(B)) -> Aut (h^A^R)) 

has order 16. Now the full symmetry group of the cube has order 48, and 
any subgroup of order 16 acts transitively on the vertices, since the full vertex 
stabilizer has order 6. Thus, it suffices to check \\co\\a — W^Wt f° r a single 
vertex of the cube. 
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For computing the Thurston norm of a single element of to £ H 1 (M;Z) 
we used the following method. Choose a (non-classical) triangulation & of 
M which has only one vertex, a la Jaco-Rubinstein ]JR| . Then there is a unique 
simplicial 1-cocycle representing the given class to. As observed in liCall , any 1- 
cocycle gives a canonical map M — > S 1 = R/Z which is affine on each simplex 
of More precisely, the integer to assigns to an edge specifies how many 
times to wrap it around the circle, and this extends over each simplex because 
of the cocycle condition. The inverse image of a generic point in S 1 is a normal 
surface which is Poincare dual to a;. By randomizing the triangulation 3~ a few 
times using Pachner moves, we were able to find a genus 3 surface representing 
one of the vertices of B^, which shows the two norms agree for that class. This 
proves Lemma [6781 and thus part © of Theorem 16. 11 



6.10. Remark. In practice, this seems to be a very effective method for com- 
puting the Thurston norm when the first betti number b\ is 1, even when the 
triangulation has a couple hundred tetrahedra. When b\ > 1, things are more 
difficult, as it seems one cannot expect to find a triangulation where these spe- 
cial dual surfaces realize the Thurston norm for all to. While here we evaded 
this issue by using symmetry, a general approach would be to carry along co- 
homology isomorphisms between the new triangulations and the original one 
while changing the triangulation using Pachner moves. This should enable 
probing the whole Thurston norm ball using this method. 



6.11. Fibering of M. Next, we determine which faces of Bj are fibered. Again, 
there is a normal surface based algorithm to decide this nSch[|TWl[JT| . How- 
ever, instead of using it, we build on the method described above. First, we use 
the symmetries of M to simplify the problem. We know each face of Bj = B^ 
is associated to a vertex of the Newton polytope of Am, and hence has a co- 
efficient of Am associated to it. A generalization of the classical Alexander 
polynomial obstruction to fibering says that if a face of Bj is fibered, then this 
coefficient must be ±1 (see e.g. IIDuni Thm. 5.1]). In our case, these vertex 
coefficients are {16 4 , 16 4 , 1, 1, 1, 1}; recall from (|6.9|) that Am is a power of a 
simpler polynomial /, and so the coefficients are the corresponding powers of 
the vertex coefficients of the Newton polytope of /. Thus there is one pair of 
faces which are definitely not fibered (since their coefficients are 16 4 ), and two 
pairs of faces which likely fiber. Recall we have a group S of order 16 acting 
on H X (M;R) which preserves Bj = B^, including the coefficient labels on the 
faces (up to sign). Thus S preserves the two faces with labels 16 4 and has a 
subgroup of order 8 which leaves each of them invariant; this subgroup acts 
there by the full symmetry group of the square, the dihedral group of order 
8. In particular, S acts transitively on the remaining four faces of B^. Thus to 
show that all these faces fiber, and so prove part © of Theorem |6.1[ it suffices 
to show: 



6.12. Lemma. The manifold M = X(QQ) fibers over the circle. 
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FIGURE 6.13. At the top, the three possibilities, besides the 
empty set, for how E intersects a tetrahedron of 5* '. The pictures 
at the bottom describe, in dark grey, a 2-complex P to which N \ E 
deformation retracts. 



To check this, we consider the 8-fold cover N of the orbifold B of Figure 16.21 
given by 

m (B) -> S 8 where a h-> (1, 2, 3, 6, 8, 5, 7, 4), & h-> (1, 3) (2, 5) (4, 6) (7, 8), 

which is a manifold. Now 7Ti(N) is not a subgroup of 7Ti(M), but we can con- 
sider their minimal common cover Y with fundamental group 7i\(N) fl 7i\(M) 
as shown 

y 




N M 




B 

A key fact is that dimH 1 (y;R) = 3. Thus we may apply the theorem of 
Stallings mentioned in Section 12.11 and conclude, as Y and M have the same 
first Betti number, that M fibers if and only if Y does. Thus if N fibers, so 
does M. Now Hi(JV;Z) = Z/4 © Z/8 © Z, and its Alexander polynomial 
is An = f 4 + 30f 2 + 1, suggesting that N is fibered by genus 2 surfaces. The 
method of Section 16.71 finds a genus 2 normal surface E representing the gen- 
erator of H2(N;Z) (the particular triangulation of N we used, and hence an 
explicit description of E, is available at [DRj). To show that N \ E is E x I and 
hence N fibers, it suffices to check that 7ii(N \ E) is abstractly isomorphic to 
7Ti(E) (see e.g. [Hem, Thm. 10.6]). To find an initial presentation of ni(N \ E), 
we can exploit the fact that in a suitable triangulation EF of N, the normal sur- 
face E is very simple; in each tetrahedron it looks like one of the three possibili- 
ties shown in Figure [6T3l a). Part (b) of the same figure describes a 2-complex P 
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which is a spine for N \ E, i.e. N \ E deformation retracts to P. It is easy to read 
off a presentation for 774 (N \ E) from this spine; simplifying this presentation 
using Tietze transformations [MKSJ and relabeling the generators yields 



Tii(N \ E) = (a,b,c,d 



flfcfl b crfc a — 1 

which is the standard presentation for the fundamental group of a genus 2 
surface. So N fibers, and hence so does M. 

6.14. Remark. This procedure for checking fibering is applicable much more 
generally. For any normal surface, there is a natural spine for its comple- 
ment, introduced by Casson in his study of O-efficient triangulations (paral- 
leling (JRJ). Writing down a presentation of 7i\{N \ E) from this is straightfor- 
ward. In more complicated cases, simplifying the presentation of 7l\ (N \ E) in 
the hopes of recognizing it as a surface group, it is important to employ not 
just Tietze transformations, but Nielsen transformations as well, i.e. the appli- 
cation of elements in Aut(F M ) to the generating set of the presentation in order 
to shorten the relators. If one can reduce down to a presentation with only one 
relator, then checking it is a surface group is often easy: just glue up the edges 
of the relator polygon, and if there is only one vertex in what results, then the 
group is indeed a surface group. 

6.15. Oldforms for M = X(QQ). We turn now to the last assertion of Theo- 
rem [670 namely that the space of oldforms in H 1 (M; Q) is the line determined 
by the barycenters of the non-fibered faces. By Theorem 15.171 we know that 
dim H 1 (M; Q) new > 2, so as dim H 1 (M; Q) = 3 it follows that H 1 (M; Q) old has 
dimension at most 1. Since H 1 (X(Q) ; Q) is nonzero, it follows that H 1 (M; Q) old 
is the image of <p* : H 1 (X(Q);Q) -> H 1 (M;Q) / where <p = <py. M — ► X(Q) 
is the standard covering map. Since we have explicit presentations for both 
7Ti(X(Q)) and tc\{M) as subgroups of rci(B), computing the image of (p* is 
straightforward; for details see ||DRf . 

7. Proof of the main result 

7.1. Proof of Theorem 11.41 Continuing the notation of Section HI let M be the 
arithmetic hyperbolic 3-manifold described there, and 00 G H 1 (M;Z) be the 
class given by part © of Theorem 14. 11 Then co is fibered and for each prime P in 
the special set 3?^ we have T P (co) = 0. Denote the primes of as f\, j>2, P3, • • • 
in increasing order, and fix an ordering, once and for all, of the primes of 
as Pi, P 2 , . . . such that i<j N(P) < N(Pj). 

Consider the congruence cover M n = M{P\ • ■ ■ Pin)- By Theorem 13.121 the 
number v n of pairs of fibered faces of M n is at least 2 2 ", and the degree d n of 
M n — ► M is (see Section 

2« / n x 2 

(7.2) d n = n (1 + ^K /Q (Pi)) = n (1 + Pi) 

i=l \i=l 

To prove Theorem 11.41 we will estimate d n by using the fact that consists 
of 1/4 of all rational primes. More precisely, recall that the natural density of 
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a set of primes is a G [0, 1] if the number of primes in <3/ which are < x 
is asymptotic (for x large) to a times n(x) = \{p < x}\. In our case, 2? is 
the set of primes p which split in both Q[\/— 3] and Q[\/— 7], i.e., those which 
split completely in the biquadratic field Q[V~ 3, \/—7], and so s has natural 
density 1 /4 by the Tchebotarev density theorem. Theorem 11.41 now follows 
directly from: 

7.3. Lemma. Let & = {pi, P2,P3- ■ ■} be a set of rational primes of natural density 
1/4, and d n the product defined in (I7.2P . Then 

1 , \ logd n 



2 J log log d n 

In particular, 

2 ln = exp ( (log2 + o(l)) - l0 f rf " ) < Ct e^ d »Y, 

V iogiogrf„y 

for any t < 1,/or a suitable constant Ct > 0. 

Some people prefer to work with weaker notions of density, like analytic 
density, but in those cases this lemma may not hold. 

Proof If / and g are functions of x on a subset of R+, we will write f(x) ~ g(x) 
if their ratio tends to 1 as x goes to infinity. Now recall that the prime number 
theorem asserts that n(x) ~ an d consequently the n th prime is ~ nlogn. 

As the set ^ has natural density 1/4, the n th prime p w in ^ satisfies 
(7.4) p n ~ 4n logn. 

Moreover, we claim that 



(7-5) log ^(1 + P j)j ~ 5 p n . 

In fact, the Riemann hypothesis implies that this holds with an additive error 
term p(n) of the order of n 1 ^ 2+e . Here, we only need that p(n) is o(n log n), 
which is known; in fact one has (cf. IIMVl Ch. 6]): 

\p(n) | < ne" c v /I °S" for some c > 0. 



Combining the asymptotic statements (|7.4|) and (|7.5|) , and noting the formula 
for d n , we get 

2n logn ~ logd n . 
This yields, upon taking logarithms, 

log n + log (2 log n) ~ log log d n , 
and since the left hand side is (1 + o(l)) logn, we obtain 

2n~^- = (l + o(l)) l0grf " 



logn log log d„ 
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Since 2 ln = e 2nlo & 2 , this implies 

(7.6) 2 ^exp((lo g2 + „( 1 )) i |i^). 

Moreover, for any real number t < 1, the quantity \^f^ dn dominates (logd n ) f 
as n — > oo. So the right hand side of (|7.6[) is bounded below by a constant (de- 
pending on t) times exp ((logd M ) f ), as asserted by the lemma. This completes 
the proof of Theorem II .41 □ 

7.7. A lower bound for b\ (M n ). Recall that the first Betti number of any of the 
manifolds M n is the same as the dimension of space of the cohomological cusp 

n 

forms on D* of level I n = QQ fj PjPj, with Pj, Pj being the prime ideals in 

;'=i 

above the rational prime pj G From the arithmetic point of view, the di- 
mension of this space is a complete mystery. This is because the two standard 
tools, namely the Riemann-Roch theorem and the Selberg trace formula, which 
work so well in the case of Hilbert modular forms (of weight 2), are not appli- 
cable here; the former because the M n are not algebraic varieties, and the latter 
because the relevant archimedean representation is not in the discrete series, 
making it impossible to separate it from all the other archimedean representa- 
tions. Nevertheless, we can get a lower bound as follows. 

First recall that for any N > 1, the dimension of the space S2(N) of clas- 
sical, holomorphic cusp forms on the upper half-plane of level N is the 
genus go{N) of the standard (cusp) compactification of the Riemann surface 
To(N)\Jf?, where Tq(N) is the subgroup of SL(2,Z) consisting of matrices 
( c d ) with N | c. It is classical that for N square-free, one has 

»M = i + s no>+i)- T -3-T' 

p\N 

where m is the number of prime divisors of N, and s (resp. t) the number of 
such divisors which are 1 mod 4 (resp. 1 mod 3); the last three terms of the for- 
mula are the error terms corresponding to the elliptic points i and (1 + \/ —3) /2 



on Jif and the cusp at infinity. Applying this with N = N n = 7 TJ Pj, with 

7=1 

Pj 7^ 7 being split in Q[y/— 3] and inert in Q[V —7], we see by the formula for 
d n that 

goW > vs^. 

On the other hand, by Lemma 17.31 the term 2 n is bounded from above by any 
positive power of d n . Moreover, the dimension of the subspace S2(N M ) 7_new 
of S2(N n ) consisting of cusp forms of level N which are new at 7 is jgo(N). 
Putting these together, we obtain, for any e > 0, 

dim c S 2 (N„) 7 - new >^4" £ , 
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for all large enough n (depending on e). It is an easy exercise to see that the 
dimension on the left is derived purely from the knowledge of the dimensions 
of the space S2(N' n ) new of newforms of level N' n with 7 \N' n \ N n , together with 
the factorization of N n /N' n . 

Next consider the base change g -> g K from GL(2)/Q to GL(2)/K ( ILanl ). 
We claim that the image of each S2 (N^ ) new under this base change has the same 
dimension. Indeed, if g^ = h^ for two newforms g, h in this space, the new- 
form h must be a twist of g by the quadratic Dirichlet character 5 corresponding 
to K. But since g, h have odd levels, this would imply that h has level divisible 
by 4, the level of 5, which is impossible. Hence the claim. Now by construc- 
tion, every newform g^, or rather the cuspidal automorphic representation jSj^ 
of GL(2, Aj() attached to it, is Steinberg at each of the primes dividing 7, and 
so transfers to our D* and defines a cusp form ft® relative to To(N n /7); it also 
lifts to level Tjj(N n ) by the natural map. The cusp forms on GL(2)/X which 
are Steinberg at {Q, Q}, and which are old away from 7, are seen to correspond 
in a one-to-one way to old forms on D*, since D* ~ GL(2, K v ) for any v \ 7. 
Consequently, we get the following 

7.8. Proposition. Let {M n } be the arithmetic tower of closed hyperbolic 3-manifolds 
we have constructed above, with M n a non-normal cover of M of degree d n . Then for 
every e > 0, we can find an integer L £ such that 

5 i-E 

n>U &i(M„) > — dl . 

8. The Whitehead link complement 

In this section, we give a very concrete example of covers of a finite volume 
hyperbolic 3-manifold with cusps where the number of fibered faces increases 
exponentially in the degree. Consider the Whitehead link shown in Figure |8.1[ 



FIGURE 8.1. The Whitehead link. 

and let W be its exterior. The interior of W admits a hyperbolic metric of finite 
volume; indeed, W is arithmetic with 774 (W) a subgroup of PSL(2, Z[i]) of in- 
dex 12. We consider n-fold cyclic covers dual to the thrice punctured sphere 
bounded by one of the components. More precisely, let co be an element of 
the basis of H 1 {W;W J ) which is dual to a basis of Hi(W;Z) = Z 2 consisting 
of meridians. (This link is quite symmetric, so it doesn't matter which basis 
element we pick.) Then let W n be the cover corresponding to the kernel of the 

composition tc\{W) — > Z — > Z/n. The manifold W n is also the complement of 
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the link L„ pictured in Figure [872] Following that figure, let \t\ € H\ (W n ; Z) be a 




FIGURE 8.2. The covering manifold PV M is the exterior of the 
shown link L n . 

meridian for the component Q of L n . Let {a;,} be the dual basis for H X (W M ; Z). 
This section is devoted to proving: 

8.3. Theorem. Let W n be the n-fold cyclic cover of the exterior of the Whitehead link 
described above. Then the number of fibered faces of the Thurston norm ball Bj ofW n 
is 2 n+1 . More precisely, Bj is the convex hull of the (Vj and all of its top-dimensional 
faces are fibered. 

The polytope Bj is called an n-orthoplex or a cross poly tope; it is dual to 
the unit cube in Hi(W M ;Z) spanned by the U\. Note that this form for Bj is 
plausible as each component of L n bounds an obvious twice-punctured disc, 
and hence ||£f/||j = 1 for every i as hyperbolic manifolds contain no simpler 
essential surfaces. The theorem will follow easily from 

8.4. Lemma. Any class of "H 1 (W T n ;Z) of the form 

co = CoCOq + e\00\ H \-e n co n for e, £ {—1,1} 

fibers and \\cv\\ T = n + 1. 

Let us first derive the theorem from the lemma. 

Proof of Theorem\83\ We need to show that for any choices of e\ G {—1, 1}, the 
simplex A spanned by r\{ = eicoi is a face of Bj. We know \\nj\\ T = 1, and so 
A C Bj. By Lemma [8~4l the class n = J^tji has norm 1; this gives another 
point in A which we know lies in dBj. Now consider a £ A, which necessarily 
has the form 

n 

d = a iVi f° r a i — an< i = 1- 

i=0 

We need to show 1 < ||a|| T , as then a lies in 9Bj; knowing this for all a implies 
A is a face of Bj. 
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FIGURE 8.5. The base link/ surface for the Murasugi sum shown 
in Figure 18.61 

After permuting the coordinates, we can assume ao > a\ for all i. As a con- 
sequence, ao > l/(n + 1) and 

n = boa + bitji + b2f]2 H h b n r] n where b{ > and Ya=q h = 1. 

Now the sublinearity of the Thurston norm gives 

\\v\\t - frolHlT + kilkillr + M^llH i-MI^Hr- 

Evaluating the norms we know gives: 

1 < fcolkllr + 1" bn 

Since = 1, this implies 1 < ||a || T , as required to prove the theorem. □ 

We conclude this section with 

Proof of Lemma Since the Thurston norm is invariant under to — to, we 
can assume eo = 1. We analyze this class using Murasugi sum, closely fol- 
lowing the approach used in IILeil to analyze chain links. Given a\ G {—1,1}, 
consider the link L(fli,«2/ • ■ ■ > a n) shown in Figure [8T6l which is described as 
the boundary of a surface which is the Murasugi sum of the surface in Fig- 
ure 18.51 with n Hopf bands, where the twist on the z' th Hopf band is right- or 
left-handed depending on a\. Let M(a\, . . . , a n ) be the exterior of L{a\, ...,«„). 
Since all the surfaces in the Murasugi sum are fibers, the surface E pictured in 
Figure 1831 is a fiber of a fib rati on of M{a\, . . . ,a n ) over the circle [Sta2l lGab2l . 
Orient the components of L(«i, . . . , a n ) as the boundary of the surface shown in 
Figure 18.61 and let <x>\ be the corresponding dual basis of H 1 (M(a lf ...,a n );Z). 
Thus E is Poincare dual to to = to\ + ■ ■ ■ + to n and \\co\\ T = n + 1. The key to 
the lemma is to show: 

8.7. Claim. Fix a\,. . . ,a n in {—1, 1}, and pick k G {1,2, . . . ,n}. Suppose b{ = ai 
except b^-i = — flfc-i an d b^ = —a\. (Ifk = l then here k — 1 should be interpreted 
as n.) Then M(a\, . . . , a n ) = M(b\, ...,b n ) via a homeomorphism that acts on H 1 by 

tOj i — > u>i for i ^ k and 
to k i ► — to k 
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FIGURE 8.6. The link L(fli, ai, . . . , a n ) is the Murasugi sum of the 
link in Figure 1831 with n Hopf bands with appropriately oriented 
twists. Shown is L(l, 1, — 1). 




FIGURE 8.8. Switching the signs of two consecutive a.{ can be 
partially reversed at the cost of adding a twist as shown in the 
bottom right picture. (Here both a z - are 1, but the other cases are 
similar.) We can undo said twist by a homeomorphism of the link 
complements by cutting along a twice punctured disc bounded 
by component Co of the link and doing a full twist. To prove 
Claim 18.71 just note the different orientations of the central loop 
in the two pictures at left. 
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The proof of this claim is given in Figure 18.81 Now to prove the lemma, 
note that L(l, 1, . . .,1) is L n and applying the claim repeatedly to a suitable 
starting L(a\, . . . ,a n ) allows us to see any that class of the form coq + e\(x>\ + 
• • • + e n co n is represented by a fiber surface with Euler characteristic — (n + 1) 
as required. □ 



9. Work of Long and Reid 

In this section, we give a proof of Theorem 11.101 which is simpler than the 
original one in [LRJ. A different simplification was given by Agol in | Agol [. 



We begin by introducing an invariant of a fibered cohomology class a> of a 
hyperbolic manifold M. Let ^ w be the associated transverse pseudo-Anosov 
flow described in Section 12.21 As discussed, this flow has a positive finite 
number of singular orbits, each of which is closed. From the closed geodesies 
71/ 72/ ■ • ■ / 7« homotopic to these orbits, define c(co) to be the subset of the uni- 
versal cover J$? 3 of M consisting of the inverse images of the 7,. By Theo- 
rem |Z3l any other class r/ in the fibered face of co has isotopic J^, and hence c 
is really an invariant of a fibered face. In fact, we regard the geodesies in c(co) 
as unoriented, so that c is an invariant of a fibered face pair. With this invariant 
in hand, we turn to the proof itself. 

Proof of Theorem [1.10\ Let w be a fibered class for our arithmetic 3-manifold 
M = T\j$f 3 . We will first find a cover of M with two pairs of fibered faces. 
Following Section |33l given g G Comm(r) we have the associated manifold 
M g with two covering maps p g , q g : M g — ► M. Then M g has two fibered classes 
p g (co) and cj*(co), with associated c invariants equal to c(co) and g~ l • c(co) re- 
spectively. Thus these two fibered classes of M g lie in genuinely distinct faces 
provided c(co) is not setwise invariant under g. Now the setwise stabilizer of 
c(co) in PSL(2, C) is a discrete subgroup which contains T as a subgroup of fi- 
nite index; as Comm(r) is dense in PSL(2, C), there are plenty of g G Comm(r) 
which do not fix c(co), as desired. 

To create any number of fibered faces, we simply repeat this process induc- 
tively, assuming at each stage we have constructed a cover M n with fibered 
classes co\, . . . ,co n where the c((x>j) are all distinct and then building a cover of 
using a g G Comm {ni{M n )) so that all c{(x>i) and g • c((x>j c ) are distinct. □ 



References 

[Agol] I. Agol. Criteria for virtual fibering. Preprint, 2007. arXiv:0707.4522. 
[Ago2] I. Agol. Virtual betti numbers of symmetric spaces. Preprint, 2006. 
math.GT/0611828. 

[Bla] P. Blanc. Sur la cohomologie continue des groupes localement compacts. Ann. Sci. 
Ecole Norm. Sup. (4) 12 (1979), 137-168. 

[BH] C. J. Bushnell and G. Henniart. The local Langlands conjecture for GL(2), volume 335 
of Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathe- 
matical Sciences]. Springer- Verlag, Berlin, 2006. 

[But] J. O. Button. Fibred and virtually fibred hyperbolic 3-manifolds in the censuses. 
Experiment. Math. 14 (2005), 231-255. arXiv:math.GT/0410321. 



40 DUNFIELD AND RAMAKRISHNAN 

[Cal] D. Calegari. Foliations transverse to triangulations of 3-manifolds. Comm. Anal. 
Geom. 8 (2000), 133-158. 

[CD] F. Calegari and N. M. Dunfield. Automorphic forms and rational homology 3- 
spheres. Geom. Topol. 10 (2006), 295-329. arXiv:math.GT/0508271. 

[CBFS] J. Cannon, W. Bosma, C. Fieker, and A. Steel, editors. Handbook of MAGMA func- 
tions. Computational Algebra Group, University of Sydney, 2.14 edition, 2007. 4500 
pages, http : //magma . maths . usyd . edu . au/ 

[Clo] L. Clozel. On the cuspidal cohomology of arithmetic subgroups of SL(2n) and the 
first Betti number of arithmetic 3-manifolds. Duke Math. }. 55 (1987), 475-486. 

[CLR1] D. Cooper, D. D. Long, and A. W. Reid. Bundles and finite foliations. Invent. Math. 
118 (1994), 255-283. 

[CLR2] D. Cooper, D. D. Long, and A. W. Reid. On the virtual Betti numbers of arithmetic 

hyperbolic 3-manifolds. Preprint, 2006. 
[CT] D. Cooper and S. Tillmann. The Thurston norm via Normal Surfaces. Preprint, 2007. 

arXiv:0706.0673. 

[CGHN] D. Coulson, O. A. Goodman, C. D. Hodgson, and W. D. Neumann. Computing 

arithmetic invariants of 3-manifolds. Experiment. Math. 9 (2000), 127-152. 
[Cre] J. E. Cremona. Hyperbolic tessellations, modular symbols, and elliptic curves over 

complex quadratic fields. Compositio Math. 51 (1984), 275-324. 
[CD] M. Culler and N. M. Dunfield. t3m: a Python 3-manifold library, 2006. 

http : / / www . math . uic . edu/~t3m 
[Dun] N. M. Dunfield. Alexander and Thurston norms of 3-manifolds fibering over the 

circle. Pacific ]. Math 200 (2001), 43-58. arXiv:math.GT/9908050. 
[DR] N. M. Dunfield and D. Ramakrishnan. Source code and data files. 

http : //www. computop . org/sof tware/f ibered-f aces/. 
[DT] N. M. Dunfield and D. P. Thurston. A random tunnel number one 3-manifold does 

not fiber over the circle. Geom. Topol. 10 (2006), 2431-2499. arXiv:math.GT/0510129. 
[Elk] N. D. Elkies. The existence of infinitely many supersingular primes for every elliptic 

curve over Q. Invent. Math. 89 (1987), 561-567. 
[Fri] D. Fried. Fibrations over S 1 with pseudo-Anosov monodromy. In Travaux de 

Thurston sur les surfaces, volume 66 of Asterisque, pages 251-266. 1979. 
[Gabl] D. Gabai. Foliations and the topology of 3-manifolds. /. Differential Geom. 18 (1983), 

445-503. 

[Gab2] D. Gabai. The Murasugi sum is a natural geometric operation. II. In Combinatorial 
methods in topology and algebraic geometry (Rochester, N.Y., 1982), volume 44 of Con- 
temp. Math., pages 93-100. Amer. Math. Soc, Providence, RI, 1985. 

[GJ] S. Gelbart and H. Jacquet. Forms of GL(2) from the analytic point of view. In Auto- 
morphic forms, representations and L-functions (Proc. Sympos. Pure Math., Oregon State 
Univ., Corvallis, Ore., 1977), Part 1, Proc. Sympos. Pure Math., XXXIII, pages 213- 
251. Amer. Math. Soc, Providence, R.I., 1979. 

[Gel] S. S. Gelbart. Automorphic forms on adele groups. Princeton University Press, Prince- 
ton, N.J., 1975. Annals of Mathematics Studies, No. 83. 

[G] O. Goodman. Snap. http : //www. ms .unimelb . edu. au/~ snap/. 

[Gro] B. H. Gross. Arithmetic on elliptic curves with complex multiplication, volume 776 of 
Lecture Notes in Mathematics. Springer, Berlin, 1980. With an appendix by B. Mazur. 

[GL] B. H. Gross and J. Lubin. The Eisenstein descent on J (N). Invent. Math. 83 (1986), 
303-319. 

[Hak] W. Haken. Theorie der Normalflachen. Acta Math. 105 (1961), 245-375. 
[Hat] A. Hatcher. Algebraic topology. Cambridge University Press, Cambridge, 2002. 
[Hem] J. Hempel. 3-Manifolds. Princeton University Press, Princeton, N. J., 1976. Ann. of 
Math. Studies, No. 86. 

[JR] W. Jaco and J. H. Rubinstein. 0-efficient triangulations of 3-manifolds. /. Differential 
Geom. 65 (2003), 61-168. arXiv:math.GT/0207158. 



INCREASING THE NUMBER OF FIBERED FACES OF HYPERBOLIC 3-MANIFOLDS 41 

[JT] W. Jaco and J. L. Tollefson. Algorithms for the complete decomposition of a closed 

3-manifold. Illinois }. Math. 39 (1995), 358-406. 
[JL] H. Jacquet and R. P. Langlands. Automorphic forms on GL(2). Springer- Verlag, Berlin, 

1970. Lecture Notes in Mathematics, Vol. 114. 
[Kut] P. Kutzko. The Langlands conjecture for GI2 of a local field. Ann. of Math. (2) 112 

(1980), 381-412. 

[LS] J.-P. Labesse and J. Schwermer. On liftings and cusp cohomology of arithmetic 
groups. Invent. Math. 83 (1986), 383-401. 

[LLR] M. Lackenby, D. D. Long, and A. W. Reid. Covering spaces of arithmetic 3- 
orbifolds. Preprint, 2006. math.GT/0601677. 

[Lan] R. P. Langlands. Base change for GL(2), volume 96 of Annals of Mathematics Studies. 
Princeton University Press, Princeton, N.J., 1980. 

[Lei] C. J. Leininger. Surgeries on one component of the Whitehead link are virtually 
fibered. Topology 41 (2002), 307-320. 

[LR] D. D. Long and A. W. Reid. Finding fibre faces in finite covers. Preprint 2007. 

[MR] C. Maclachlan and A. W. Reid. The arithmetic of hyperbolic 3-manifolds, volume 219 of 
Graduate Texts in Mathematics. Springer- Verlag, New York, 2003. 

[MKS] W. Magnus, A. Karrass, and D. Solitar. Combinatorial group theory. Dover Publica- 
tions Inc., New York, revised edition, 1976. 

[Masl] J. D. Masters. Counting immersed surfaces in hyperbolic 3-manifolds. Algebr. Geom. 
Topol. 5 (2005), 835-864. math.GT/0205250. 

[Mas2] J. D. Masters. Thick surfaces in hyperbolic 3-manifolds. Geom. Dedicata 119 (2006), 
17-33. math.GT/0502395. 

[McM] C. T. McMullen. The Alexander polynomial of a 3-manifold and the Thurston norm 
on cohomology. Ann. Sci. EcoleNorm. Sup. (4) 35 (2002), 153-171. 

[MV] H. L. Montgomery and R. C. Vaughan. Multiplicative Number Theory I: Classical The- 
ory, volume 97 of Cambridge Studies in Advanced Mathematics. Cambridge University 
Press, Cambridge, England, 2006. 

[Ota] J.-P. Otal. Le theoreme d'hyperbolisation pour les varietes fibrees de dimension 3. 
Asterisque (1996), x+159. 

[PW] C. Petronio and J. R. Weeks. Partially flat ideal triangulations of cusped hyperbolic 
3-manifolds. Osaka J. Math. 37 (2000), 453-466. 

[Pra] D. Prasad. Trilinear forms for representations of GL(2) and local e-factors. Composi- 
tio Math. 75 (1990), 1-46. 

[PR] D. Prasad and D. Ramakrishnan. Lifting orthogonal representations to spin groups 
and local root numbers. Proc. Indian Acad. Sci. Math. Sci. 105 (1995), 259-267. 

[Rei] A. W. Reid. A non-Haken hyperbolic 3-manifold covered by a surface bundle. Pa- 
cific J. Math. 167 (1995), 163-182. 

[Rog] J. D. Rogawski. Representations of GL(n) and division algebras over a p-adic field. 
Duke Math. J. 50 (1983), 161-196. 

[Roh] D. E. Rohrlich. Galois theory, elliptic curves, and root numbers. Compositio Math. 
100 (1996), 311-349. 

[Sch] S. Schleimer. Almost normal Heegaard splittings. PhD thesis, Berkeley, 2001. 

[Sil] J. H. Silverman. The arithmetic of elliptic curves, volume 106 of Graduate Texts in Math- 
ematics. Springer- Verlag, New York, 1986. 

[Stal] J. Stallings. On fibering certain 3-manifolds. In Topology of 3-manifolds and related 

topics (Proc. The Univ. of Georgia Institute, 1961), pages 95-100. Prentice-Hall, Engle- 
wood Cliffs, N.J., 1962. 

[Sta2] J. R. Stallings. Constructions of fibred knots and links. In Algebraic and geometric 

topology (Proc. Sympos. Pure Math., Stanford Univ., Stanford, Calif, 1976), Part 2, Proc. 
Sympos. Pure Math., XXXII, pages 55-60. Amer. Math. Soc, Providence, R.I., 1978. 

[SAGE] W. Stein et al. SAGE Mathematics Software (Version 2.8), 2007. 
http : //www . sagemath . org 



42 



DUNFIELD AND RAMAKRISHNAN 



[Thul] W. P. Thurston. A norm for the homology of 3-manifolds. Mem. Amer. Math. Soc. 59 

(1986), i-vi and 99-130. 
[Thu2] W. P. Thurston. Hyperbolic Structures on 3-manifolds, II: Surface groups and 3- 

manifolds which fiber over the circle. arXiv:math.GT/9801045. 
[TW] J. L. Tollefson and N. Wang. Taut normal surfaces. Topology 35 (1996), 55-75. 
[Tun] J. B. Tunnell. On the local Langlands conjecture for GL(2). Invent. Math. 46 (1978), 

179-200. 

[Ven] T. N. Venkataramana. Virtual Betti Numbers of Compact Locally Symmetric Spaces. 
Preprint, 2006. arXiv:math.GR/0611733. 

[Vig] M.-F. Vigneras. Arithmetique des algebres de quaternions, volume 800 of Lecture Notes 
in Mathematics. Springer, Berlin, 1980. 

[Wall] F. Waldhausen. The word problem in fundamental groups of sufficiently large irre- 
ducible 3-manifolds. Ann. of Math. (2) 88 (1968), 272-280. 

[Wal2] G. S. Walsh. Great circle links and virtually fibered knots. Topology 44 (2005), 947- 
958.math.GT/0407361. 

[W] J. Weeks. SnapPea. http : //www . geometrygames . org. 

[WCD] J. Weeks, M. Culler, and N. Dunfield. SnapPeaPython. 
http : //www .math . uic . edu/~t3m 

Department of Mathematics, MC-382, University of Illinois, Urbana, IL 61801, 
USA 

E-mail address: nmd@uiuc . edu 

Mathematics 253-37, California Institute of Technology, Pasadena, CA 91125, 
USA 

E-mail address: dinakar@caltech . edu 



